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The diffusivity equation for the transient flow of 
slightly-compressible liquids has been solved for infinite 
radial aquifers, subject to constant terminal rates, by 
employing a Romberg integration of the Van Everdingen -
Hurst explicit solution over the transformed integral limits 
for .Ol<TD<500. For the dimensionless times of .Ol:TD>500, 
the classical solu-tions presented by Cars law and Jaeger, 
Mortada, Theis, and others are incorporated in the digital 
analysis to yield dimensionless pressures for 40 selected 
dimensionless radius (RD) ratios between 1 and 64 for dimen-
sionless time values of .0005 to 1000.0. 
A new expression for dimensionless pressure-distribu-
tion~ PD'(RD,TD), as a fraction of well bore pressure drop 
is presented with cross plots of the results obtained. 
These plots permit the solution of field problems involving 
PD';; RD, and TD without the aid of the computE=:r and with-
out interpolation. 
A radius of drainage relationship for an infinite radial 
aquifer is developed from the least squares polynominal curve 
fit of PD' = .01. 
Additionally, an on-line mapping techn5.que is presented 
which permits the aquifer pressure distribution to be dis-
1 d raph ;cally on the I.B.M. 360/50 On-Line Printer. p aye g ·-
iii 
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The unsteady-state flow of a slightly compressible 
liquid, such as water or oil, through porous media is the 
basis for a major part of the physical and mathematical 
research work carried on in hydrological and reservoir 
engineering. In many cases the solutions to various unsteady-
state fluid flow problems have been developed as a result of 
the analogy between the theory of fluid flow and that of heat 
transfer. 
Various solutions to the d'iffusivity equation for the 
unsteady-state flow of water or oil through an infinite 
radial reservoir, s.ubj ec·t to a constant producing rate at the 
interior boundary, can be found in the literature. However, 
these solutions (for the most part derived analytically) have 
not been suitably evaluated numerically to be of value to the 
practicing hydrologist or petroleum engineer who needs a 
simple table, plot, or computer program to enable him to 
solve his field problems with the required degree of accuracy. 
This is a particular need with the existing solutions to the 
diffusivity equation giving the pressure distribution within 
and around a hydrocarbon reservoir. The work of Van Everdin-
gen and Hurst(9) adequately treats the case where the pres-
sure at the interior boundary (viz.r0=1) is desired but their 
results are not well-suited to use with modern digital compu-
ter programs without tedious curve-fitting or numerical 
integration of :th~j.;r analyt:ical expressions for dimensionless 
. _ ... : . ..--
··--!·.~"-. _, .. ' ,'-: ,'." ~ 
2 
pressure P0 CtD) at various dimensionless times (tD). 
The pressure distribution at points apart from the inner 
boundary of the reservoir is even less adequately covered in 
the literature. The point-source solution(l3) is normally 
used for calculating the pressure distribution around a well 
interior to the bounds of a hydrocarbon reservoir, but this 
solution is unsatisfactory for calculating interference 
effects within the aquifers surrounding many petroleum 
reservoirs. Mortada(l6) has presented the only results to 
date which can be used to accurately predict the pressure 
distribution within aquifers. These results, however, are in 
the form of plots which cannot be easily interpolated at non-
integral rD values or readily used in digital analyses. 
The literature concern1ng the effective radius of 
drainage for radial reservoirs is in much the same state as 
that of pressure distribution. Many radius of drainage 
equations are available, but they have been derived for 
finite reservoirs and may or may not be suitable for infinite 
reservoirs. No simple method is available to predict the 
radius at which a given fractional pressure drop will occur 
within an infinite aquifer. 
The object of this study was then to provide an easy 
means of: 
1. Determining the pressure drop at any radial 
distance from the aquifer-~ydrocarbon reservoir 
boundary at any time for an infinite radial system, 
constant rate case .. 
2. Determining the effective radius of drainage for 
the conditions set forth in 1) and to predict the 
radius at which any fractional pressure drop will 
occur at a given time after a constant producing 





An aquifer is considered to be of infinite areal extent 
when its ex.terior radius is so large relative to its interior 
boundary (represented by a wellbore or the outer boundary of 
a hydrocarbon reservoir) that the water movement in the 
vicinity of this exterior boundary is negligible during the 
time period under consideration (e.g., up to 20 years). If 
the pressure boundary (radius of drainage) reaches the 
exterior boundary of the aquifer du~ing the above time period 
then the aquifer is considered to be of finite extent. 
The pressure decline within an aquifer is, in mo~t cases, 
an unsteady-state phenomenon due to the time-dependence of 
pressure within the porous stratum at a given point. As 
pressure changes on each element of the aquifer, the amount 
of water leaving each element is not the same as the amount 
' 
entering that element due to the compressibility of the water. 
2.1 Exponential Integral Solution 
In 1935 Theis(l) showed that the unsteady-state flow of 
underground water into a radial sink area, such as a wellbore 
or hydrocarbon reservoir, is governed by the Diffusivity · 
_Equation ( 2-1). 
a2s + 1 as = s as (2-1) 
ar 2 
-
r ar T at 
-
,; ·~- .,: 
S =the Coefficient of Storage (See Figure 2-l*). 
s = the drawdown at any point r around a well. 
5 
T = Coefficient of Transmissibility (See Figure 2-2*). 
r = the distance away from the discharge well. 
t = the time of pumping. 
The assumptions imposed on the derivation of Equation 
(2-l) are: 
1. Darcy's Law applies. 
2 • The higher order term reflecting 
change of drawdown with distance 
is negligible. 
3. A single fluid is present that occuples the 
entire pore space. 
4. The reservoir is horizontal, homogeneous, 
uniform in thickness, and of infinite radial 
extent. 
5. The compressibility and viscosity of the 
fluid remain constant at all pressures. 
6. The fluid density obeys the equation, 
-c(p - p) 
p = p e o 
0 
(2-2) 
Theis ( 1) has s"!--lCv.m that ·the mathsJnati•::::al theory of heat 
conduction developed by Fourier and subseq11ent vn:-·i te1..,s is 
applicable i:o hydrau1ic theory; hydPaulic pres::;ure bein!z 
analogous to tempera·ture, pressure-gradient to thermal-
gradient, permeability to thermal conductivity, and sp2ci_£ic 
yield to soecific heat. 
*Definitions of terms are given in i:he Appe~dix. 
. --------------------------------------------------------
. .......,. _SU.B,~A.c~.)c.~OF THE ..£_:~~!'? --'..L, ____ .,_. 
X~ X >c )( ~ >c Jt' >( )(~ ><' )C' )( 
'>c X >\ )( X )( :< ')(' >t' ~ ~ ~ k ¥ :< 1' )t X 
•• ~ •• ~ ••• ~ •• ~ ••• ~. ;< • • ~ •• ~ .'{.;t" • • 'C'. -~ ~- .~.~. '>!-•• x. ~.'!. 
X X )( )C X FREE>( WATER TABLE__.::-/ >( "t )( ·)( X 
>(X' X xX >c X X X x X k'>c-~ )("~X X 
>t X ~ X X X >t >t'"< .>t> X )(X 
X )( )( 'J( )C .X UNIT CROSS -SECTIONAL X 
_:_x_ ;("-"== X 't~ ~ ~ X. )( X~ ·=X ~X AREA )( ~~-~ '< )()(X 
P~E;~~;~~C~-. -~ [/'~----3. UNIT-OECLlNE~ 
- - - - ~. - - - - - - - - -
- - -'J - - I - - - OF - - -~-~·~·.x'"~·fi .... ~ ~-· ·-·- ·---·-
- ---_-_- ~ I <1 .,PIEZOMETRIC--=--
- - - - )(_ ,~--- --, - SURFACE- -....._ ____ ,~1 -~-_..., __ _ 
- .. - - - - - K " J - - (X) - - -




. . . . 
• . • M ..• 
. . .. 
1 .••.•• , ............. . . . .. . . . . . . . . . . . . . . 
• ••• A'QUIFER' PRISM. '• 
~~-:'7 OF • HE I Q.HT • .... : •• • 
.. . . ···~ ..... ·: .. . . . . ... 
. . . . . 
. . 
I. . . . M •· . • . • . . .. . . . : . . . ·. . . . . - .. 
- . . . . . . 
. ..... 1·.·.· .. :::·.·.·.·.··· 
• • • • • • • • Ill • • • • • - •• 
• • •• 
• • • · · 1 .= ·· ·A· ;; ·u· ·I·F· ~R· · .. · ·- ·. ·_ · :. · 
. . . I . . . . . . . . . •••• ,.·.· •• ::·· ••• : -..s. c, -
. . . . . . . J. . ... , . . . . . . . . . .... 
• • • • • •, :. t • o ".. o • • • ~,.. - • - _. • • • : L,• • • • • • • • • • • t I • 
• • ,. Ill". • • • • • • • • • • • 
. . , ... t . . . . . . . . . . .., , ~ ·~ ·. . . . : . : . . . . . .. · . . . . . 
- - ,___, - - ._. ~·~·~_--_ .... ___ :::;._...:....:.--_-~_-..,;., ....... _ .... ______ .. _________ "1 
---- ------- -----·-----
- - --
-- --- ------------- --
-=, =-.:::: ::::_CON F J_tJ I N(L -_MAT Erij Ak= _::: .::: = -=----:.. 
--~------------------ --








......... ........ ........ 
.......... .......... "":-' ........ 
..................................... 
UN IT HYDRAULIC GRADIENT, 
1- FOOT DROP IN I FOOT 
OF FLOW DISTANCE 
......._ 
.......... , ....... 
, .......... ......._ ............ , 
FIGURE 2-2 _, 
COEFFICIENTS OF TRANSMISSIBILITY 
AND PERMEABILITY 
( FROM REF· 4 ) 
7 
Theis' solution to the differential equation for the 
radial flow of water in an elastic artesian aquife~ for a 
constant discharge rate was derived from H. S. Carslaw's(2) 
two-dimensional heat flow equation: 
v = (Q/4nKt)e-(x2+y2)/4Kt 
wher·e: 
v = temperature at the point x,y at time t. 
(2-3) 
8 
Q =strength of the source (i.e., the amount of heat). 
K = Kelvin's coefficient of diffusivity, which is 
equal to the coefficient of conductivity divided 
by the specific heat per unit-volume. 
t = time. 
The effect of a continuous source of constant strength 
lS derived from (2-3) (See Appendix B, page 231). 
00 
-u; e u du (2-4) 
Equation (2-4) when converted to radial form and expressed in 
hydrologic terms is: 




J 2 1.87r S 
Tt 
-u 
e /u du 
Q = discharge of the well, gallons per minute. 
t = time since pumping started, days. 
u = 1.87 r 2S/Tt 
(2-5) 
T = Coefficient of Transmissibility, cubic feet of 
water per day per foot of aquifer width (See 
Figure 2-2). 
9 
S =Coefficient of Storage (See Figure 2-1). 
-
s = ~ater level at radius r from the pumped well, feet. 
r = distance from the pumped well, feet. 
The expression in Equation (2-5) cannot be integrated 
directly but can be approximated by the series(3): 
00 
I 2 1.87r S 
Tt 
-u/ e u du = W(u) = -.577216 - Ln(u) + 
3 
+ u 







2 ( 2! ) 
(2-6) 
Values of W(u) have been tabulated by Wenzel(3) and 
Equation (2-5) can be solved for ~ by a type-curve matching 
process as indicated by Ferris(4) (See Figure 2-3). 
This solution assumes the following: 
1. The aquifer is homogeneous and isotropic. 
2. The aquifer has infinite areal extent. 
3. The discharge or recharge well fully penetrates 
the formation and receives water from the entire 
thickness of the aquifer. 
4. The coefficient of transmissibility is constant 
at all times and at all places. 
5. The well has an infinitesimal diameter. 
6. Water removed from storage is discharged instan-
taneously with a decline in head. 
Jacob(5) recognized that the terms beyond Ln(u) 1n 
Equation (2-6) were not significant when (u) becomes small 
(i.e., when t increases orr decreases) and that this series 
could be truncated without adding significant error to 
Theis' equation. Jacob's modified equation is: 




or ln stand~rd hydrologic units: 
- 264Q [ s = - '!: Log (2-8) 
In many cases the pumping rate, Q, as recorded in terms 
of daily or monthly discharge, is found to change continuously. 
With this variation in pumping rate, the methods previously 
described cannot be applied without tedious modifications. 
Stallman(6) introduced a .method of approximating this varying 
discharge rate by a series of graphical steps. The analysis 
of each step is subsequently undertaken using the conventional 
equa~ions. A type-curve for analyzing the observed drawdowns 
caused by this stepped pumping rate can be constructed by use 
of the Theis' non-equilibrium formula. 
The water level drawdown, i, used in the field of hydro-
logy is analogous to the pressure drop used by petroleum 
engineers. Witherspoon and Neuman(7) have shown that this 




- Q ll 
K = permeability of reservoir, millidarcies. 
h = thickness of reservolr, feet. 
ll = viscosi·ty of fluid, centipoise. 
Q = pumping rate, gallons per minute. 
s = drawdown of water level, feet. 
(2-9) 
2.2 The Finite Wellbore Solution: 
The mathematical expression for pressure drop in an 
infinite homogeneous radial reservoir having a finite 1nner 
boundary (circular cylinder of radius r = a) was also 
developed in the theory of heat transfer. Carslaw and 
Jaeger(8) showed that the surface temperature v of an 
s 
12 
infinite region bounded internally by a circular cylinder of 
radius, a, with zero initial temperature and a constant heat 
flux of Q units per unit time per unit area at r = a is 
given by: 
2Q 






= surface temperature at distance r from the well-
bore, degrees. 
Q = constant flux, heat units/unit time/unit area. 
r = distance from the wellbore. 
K = thermal conductivity. 
a = radius of the inner circular cylinder. 
K = Kelvin's diffusivity coefficient. 
t = time. 
u = variable of integration. 
Jo Bessel function of zero order, 
first kind. 
= 
Yo = Bessel function of Ze!:)O order, second 
kind. 
J . Bessel function of first order, first kind. = 1 
13 
Y1 = Bessel function of first order, second kind. 
Carsl~w and Jaeger also present simplified expressions 
for both large and small values of Kt/a 2 , dimensionless time 
(See Appendix B, pages 224 and 227). 
Van Everdingen and Hurst(9) have presented a solution 
to the Diffusivity Equation (2-1) for the unsteady-state 
isothermal flow of a slightly compressible fluid encroaching 
into a homogeneous reservoir sink. This solution, developed 
by the application of Laplace transforms, gives an exact 
determination of the aquifer water encroachment across the 
aquifer-hydrocarbon reservoir boundary under the assumption 
that such encroachment is at constant terminal rate. 
The pressure drop represented by PD = PD(rD,tD) at the 
hydrocarbon reservoir boundary where rD = 1 is 
r~J = arD 
r =1 D 
-1 (2-11) 
The minus s1gn is introduced to compensate for the pressure 
gradient direction relative to the radius of the reservoir. 
If the cumulative pressure drop is expressed as ~P, then: 
(2-12) 
where q(tD) is a 2onstant relating the cumulative pressure 
drop with the pressure change for a unit rate of production. 
· (10) for the rate of fluid flow into From Darcy's equat1on 
the well or reservoir per unit sand thickness 
--2 IT Kq ( t ) D 
14 
)J (2-13) 
the constant lS found to be: 
= q(T)JJ 
. 2 1rK (2-14) 
The ~p at unit reservoir radius Cor well radius) for 
any constant rate of production is given by: 
l:.P = (2-15) 
Since the diffusivity equation is linear, the Duhamel 
Superposition Theorem(9) can be applied as a sequence of 
constant terminal rates in such a way that the pressure 
history at the aquifer-hydrocarbon reservoir boundary 
(rD = 1) is reproduced. PD(tD) is the cumulative pressure 
drop at the sand face per unit rate of production, Initially, 
that is at time zero, the cumulative pressure drop at any 
point in the formation is zero, 
(2-16) 
Hence, Van Everdingen and HursT show that the cumulative 





r (- 2 ) ~-u tDj 
7T 
0 
Equation (2-17) is the explicit solution of the constant 
terminal rate case for an infinite radial reservoir. This 
solution can be shown to be analogous to the heat transfer 
equation of Carslaw and Jaeger, Equation (2-10) (See 
Appendix B, page 222). 
To determine the cumulative pressure drop for a unit 
rate of production at the wellbore or field radius (where 




2 2 2 





Using the relationship: 
(2-19) 
Equation (2-18) simplifies to: 
co 
j _G-e-u2tD du PD(tD) 4 = -2 u3 Jl2(u)+Y12(u) 1T (2-20) 
0 
Van Everdingen and Hurst solved Equation (2-20) for 
p 0 (tD) at various values of tD by numerical integration 
employing Simpson's Rule (See Figure 2-4 and Table 2-5). 
Figure 2-4 
Van Everdingen-Hurst P(t) Plot 
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(This study g1ves values-of P0 Cl,tD)' the dimensionless pres-
sure at the sand face, for the constant terminal rate case 
for values of dimensionless time, t 0 , ranging from .01 to 
1000). They did not, however, attempt to solve Equation 
(2-17) numerically. As a result, their results are only 
applicable at the well or at the reservoir boundary and 
cannot be used at radius ratios ether than r 0 = 1. 
In 1949, 11uskat(ll) presented another so1ution to the 
diffusivity equation for an infinite radial reservoir con-
taining a slightly compressible fluid subject to constant 




J. 1r afrf 
where: 
0 
K = density of fluid. 
f = porosity. 
a = diffusivity constant, k/fK~. 
K = compressibility of fluid. 
v = viscosity of fluid. 
k = permea~ility of reservoir. 
= radius of the inner boundary. 
= constant production rate. 







On translating the decline in density yi - Yf to the 
corresponding pressure drop ~p = p. - p and introducing the 
~ f 








1-e -z t .dz 
3 2 2 
z J 1 (z)+Y1 (z) 
Q = volumetric outflow per unit thickness at rf 
measured at the surface, q·0 /y0 . 
(2-23) 
Muskat presented his results of Equation (2-23) in the 
form of a plot (See Figure 2-5) of dimensionless pressure 
versus dimensionless ti~e at the inner boundary. He pointed 
o~t that ~p initially rises as (~)~ and then asymptotically 
assumes a logarithmic variation with ~- Assuming the con-
ditions of the constant rate solution, the curve in Fig~re 
2-5 is a universal curve applicable ·to any infinite radial 
reservoir of constant efflux rate, regardless of the physical 
and geometrical parameters. 
As ~s to be expected, Equation (2-23) shows that at any 
time after production is started, ·the pressure drop at the 
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The c:~.lcubtcd prc:o3urc drop .'\p v~. the time t plotted in dimcnsinnlcss fo rm, at 
the intcrn:1.l bound:1.ry o f wn.ter rc,0rYoi rs, with constant w:.ter-withdr:~.w :~.l r:>te Q per unit 
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infini te water reservoir. D:1shcd cun·e applies to a finite water r eservoir with the pressure 












Figure 2 - 6 
Muskat's 
Cumula t ive 
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( From Reference 11) 
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Muskat also presented a crossplot of Figure 2-5 which g 1 ves 
directly the variation of pressure decline for fixed cumula-
tive water influx as a function of the rate of water with-
drawal frcm the infinite aquifer (See Figure 2-6). 
If the initial constant rate, Q0 , is changed at dimen-
sionless time t 0 to Q1 , Equation (2-24) gives the pressure 
drop at the boundary, rf, as: 
(2-24) 
where I(i) 1s the integral in Equation (2-23). The first 
term represents the projected pressure decline history if 
the rate had been maintained at Q0 . The second term gives 
the effect of the change employing the superposition princi-
ple of Duhamel, Stallman(l2), and Van Everdingen and Hurst(9). 
}1uskat plotted Equation ( 2-24) in dimensi_onless form 
for fixed values of the ratio Q1 /Q 0 , denoted by (r), assurn1ng 
that the change in rate occured at ~ = 10 = ~O (See Figure 
2-7) . 
l1orner( 13) applied the so-called "point-source" solu-
tion to the diffusivity equation to the problem of pressure 





r = distance from the center of the well, centimeters. 
t = time, seconds. 
P = reservoir pressure at radius r at time t, atmos-
pheres. 
4> = porosity of reservoir, fraction. 
K = permeability of reservoir, darcies. 
l1 = viscosi·ty of the fluid~ centipoise. 
c = compressibility of the fluid, vol/vol/atm. 
Horner gave the reservoir pressure at radius r at any 
time t as: 
P = + ql.l Ei lr- r2<f>llc J 
- Po 4nKh 4Kt (2-26) 
where: 
Po = initial reservolr pressure, atmospheres. 
h = thickness of reservoir, centimeters. 
q = constant production rate of well, cubic centi-
meters per second. 
Equation (2-26), which is analogous to Theis' equation 
( 2--5) , where: 
00 
Ei(-X) = f -u J e /u du (2-27) 
X 




The external boundary is infinite and at constant 
pressure, Po· 
The internal boundary (i.e., well radius) is 




















t.p versus t 







""-, v r'0.6 
~ ~ ~ 1--:---.--















The calculnted pressure drop .1p ...-s. the time t, plotted in dimensionless form, 
at the intcrn:ll bound:lrJ.' of an infinite w:lter reservoir with an initial wi~hdraw:ll rate Q. 
and a rate Q1 :lftcr a time i = 10; p. = water viscosity; " = water compressibility; k = per·· 
meability of :lquifer; j = porosity; r: = internal radius of water reservoir; r = Qt/Q.; a 
= ~j/K;.&. 
(From Reference 11) 
Table 2-2 
Chatas p(t) Results 
-~_:::::_·==:==.::::...:::~===---=-
Infinite radial sy,tcnl -!laic case. 
-------
------------·- DiluC'tJ~;(mk~ Pru-Eurt Din.c·lJc.:~lT•!'-"f.S T'ros.u~ o;nwa.~ionl..:£5 Prr~o::.ure Dir:-.cmiunle:~ Prc·~surr time ch~uge time cbangt tiu:e cbr.111:e time chan~;e 
p(t) t p(t) t p(t) t p{t) 
2500 3.0 I. 1(.65 no.o 2.~212 0 0 .06 4.0 l. 2750 20.1. 0 3.(1f.:J8 
.005 .0250 .07 .2G80 5.0 I 3G25 ~50.0 3.1.28 
.001 .0352 .OS .2845 6.0 I. ~3~2 300.0 3.2630 
.09 .2f•9g 
.002 . 049~ 
.3144 i.O I. 4~•97 :lSO.O 3.S3~4 . 
.0..13 .CG03 .I 8.0 1_5557 H>:l.O 3.4057 
.004 .OG~t .I.S .3750 9.0 J.l;Os7 ~53.0 3. ~641 
.005 .o1;4 .2 .42H 10.(1 l.f.<t(l!l 500.0 3.51C4 
.W6 .0~45 .3 _5024 15.0 I. ~:04 S:>O.O 3 .5G43 
.007 .0011 .4 ,5Gl5 20 0 I.!,VOI (.(1().0 3.w:a 
.008 .OYil . .S 
.6167 Ja o 2.H70 ti50.0 3.G4iS 
.0011 .1112& .6 .f.~22 ~0.0 2. ~S24 :uo.o 3.G~~2 
.01 .1081 .7 • 7024 50 u 2 .3Sf4 ;-so o 3.i1Bf 
.015 ,1312 .8 . i387 60.0 2.4:59 soo.o 3.iW5 
.Oll .1503 .9 .1716 :o.o 2.~501 ~..50.0 3. if05 1.0 .f.019 ~(li) 0 3.8058 
.025 .!GGV 
.$6i2 ~.0 2.GHi 
.03 .ts;s 1.2 ~0.0 2.6il8 !>50.0 3.~55 1 4 .!llGII 1(>00.0 3. SSSf 
.04 .20i7 1.01~5 100.0 2. i233 
.05 .2301 2.0 -=--=-----====---=-.: 
(From Reference 14) 
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Horner assumed that the error introduced by treating the well 
radius as infinitely small could be considered to be neeligi-
ble. 
In 1953, Chatas(l4) summarized the work of Van Everdingen 
and Hurst and further extended their results for higher and 
lower values of dimensionless time (tD) (See Table 2-2). 
Van Everdingen(lS) investigated the pressure distribution 
around a producing well in relation to the effect of formation 
damage or skin effect on the productive capacity of the well. 
Using the following dimensionless quantities: 
T = Kt 2 , and p (T) = 
ct>llcr 
w 
27TKh(p -p ) 
r w 
q)J (2-28) 
Van Everdingen showed that Equation (2-17) can be approxi-
mated at large values ofT (i.e., T>lOO) as: 
and thus: 
P - g_H_ Pr - w - 4rrKh 
(2-29) 
(2-30) 
For hydrocarbon well problems, Equation (2-30) holds since T 
usually exceeds 100 after a few seconds of production. 
Mortada(16) discussed the problem of oilfield interference 
ln water-drive reservoirs. He considered the problem of 
multiple oilfields located in a common aquifer and the effects 
of pressure drop in the various fields on the rate of water-
influx into the reservoirs. In this paper, solutions were 
presented to the diffusivity equation (Equation (2-25)) for 
values of dimensionless time (tD) and dimensionless radius 
(rD) for the constant rate case which are normally required 
for field analyses with the following boundary conditions: 
l. PD(rD,O) = 0 (Uniform initial aquifer pressure). 
25 
2 . (2-31) 
3 • [apl2.]= -1 (Constant rate of \,.,later-influx)· arD 
rD = l 
Mortada's values for the dimensionless pressure PD(rD' 
tD) were obtained by several methods. 
relationship 
ierfc n_ [ r -1] 
2/tD 
was solved, where(l7) 
-2 
-X 
ierfc(x) = e x erfc(x) 
For t>500: 




Or exponential integral solution of which is the point-source 









To bridge the gap between tD<.Ol and t >500, Mortada 
- D-
used digital solutions to a set of finite-difference equa-
tions based upon the diffusivity equation. This technique 
provided values of PD(rD,tD) which showed no change in the 
third decimal place as the values of tD were made progres-
sively smaller. 
Theis and Mortada are among the fe~tJ authors who have 
investigated the pressure distribution away from the lnner 
boundary (i.e., within the reservoir or aquifer). The Theis 
approach (Equation (2-7)) employs the exponential integral 
and is valid for pressure conditions that occur some distance 
away from the wellbore. The Mortada results, on the other 
hand, are valid at all points within the reservoir or aquifer. 
These results are presented in terms of dimensionless ratios 
of the radius where the pressure is desired to the radius 
where the flow rate is measured. Mortada's results are given 
in the form of graphs which are limited to a maximum radius 
ratio of 64 (See Figures 2-8 to 2-10). These graphical 
results are cumbersome to interpolate at non-integral radius 
ratios, and often it becomes necessary to solve the analyti-
cal expressions of Equations (2-32) and (2-35). 
In order to obtain a dimensionless equation to facili-
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different porosity, per·~ b"l"+ , f · · JHea l lLy, ana lu1d properties, 
Mortada, Van Everdingen-Hurst, and others have employed the 
following transformations: 
Dimensionless Pressure: 














Substituting these dimensionless parameters into Equation 
(2-'25) yields: 
(2-39) 
Witherspoon, Mueller and Donovan(l8) showed the rela-
tionship between the methods of analysis used by hydrologists 
and those commonly used by petroleum engineers. 
terms, the Theis co-ordinates are: 





De~inition o~ Terms in Theis Solution 
Term De~inition -v~ = 21t . -3 W = 7.082 X 10_3 
X = 1.0 X = 6.JJ1 X 10 
K Permeability sq. em. md. 
H Thickness em. ft. 
p 
. Pr.essure Drop dynes/sq • em. psi. 
q Flo,., Rate cc./sec. bbl./day 
A Viscosity poise cp. 
t Time sec. days 
¢ Porosity 
c Compressibility dynes/sq. em. . psi • 
r Distance em. ~t. 
(Re~. l.B\) 
-5 W = 8.953 X 10 6 











where (w) and (x) take on different values according to the 
dimensions selected (See Table 2-3). 
These authors point out that Mortada's work shows that 
for reasonable values of real time, t, the Theis' point-
source solution accurately represents the behavior of a 
32 
slightly compressible system for all radial distances greater 
than about 30 times the radius of the pumping well, or in 
most cases about 15 feet or more away from the wellbore. 
At early times and at short distances from the inner 
boundary, the point-source solutions are invalid. The error 
introduced by these solutions may be negligible in most 
reservoir problems, but in the calculation of interference 
effects in an aquifer the error introduced can be appreciable. 
Buxton(l9) provided a means for determining the pressure 
at various distances from the wellbore in an infinite reser-
voir subject to constant rate conditions. By using the point-
source solution (Equation (2-34)) and digitally evaluating 
the explicit solution of the radial diffusivity equation 
obtained by Van Everdingen-Hurst (Equation (2-17)), Buxton 
prepared curves of P(R,tD) versus tD for R ratios from l to 
10. These results are of use mainly ln an aquifer sur'round-
. an oil reservoir. Buxton's results (See Figure 2-ll and lng 
Table 2-4) agree to within less than 1% with those of Van 
Everdingen-Hurst and Mortada. 
Upon applying Simpson's rule for numerical integration 
to the explicit solution in Equation (2-17), Buxton succeeded 
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Pressure Diatribution for Infinite Radial System-Constant Rate Case 
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Table 2-4 
MACHINE CALCULATED VALUES OF PCR, tD) 
tD R=l · R=2 R=3 R=4 R=5 
0.01 0.107 0.004 
0.10 0.314 0.007 0.000 
1.0 0.802 0.225 0.055 0.009 0.004 
5. 0 1.361 0.705 0.381 0.196 0.100 
10.0 1.651 0.980 0.621 0. 391 0.248 
30.0 1.081 0.812 0.623 
50.0 2. 39 6 1.712 1.320 1.041 0.841 
tD R=6 R=7 R=8 R=9 R=lO 
1.0 0.000 
5.0 0.045 0.022 0.000 
10.0 0.151 0.093 0.044 0.032 0.018 
20.0 0.335 0.242 0.162 0.122 0.085 
30.0 0.475 0.367 0.270 0.215 0.163 
50.0 0.680 0.557 0.445 0.373 0.305 
(From Reference 19) 
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values. He found that a variable of integration value of 
1000 gave an ordinate value of less than .00001 for the inte-
gral in Equation (2-17). Buxton also noted that the u 2 term 
in the denominator of Equation (2-17) caused the ordinate 
value (and hence the area under the ) curve to become quite 
small for u values larger than 15. As a result of these 








Buxton was limited ln his range of R values because of 
the oscillation occurring in the ordinate value of the inte-




This oscillation, shown in Figure 2-12, increased in frequency 
and decreased in magnitude as R was increased. For R values 
greater than 10, Buxton found that the numerical integration 
wit~ Simpson's Rule of Equation (2-17) on the I.B.M. 650 
computer no longer gave accurate results for P(R,tD). 
Stevens and Thodos(20) considered the problem of inter-
ference between two wells producing from the same reservoir. 
Since they were principally int~rested in well interfe~ence, 
they used the Horner point-source solution to calculate the 
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\.Jells . In determining the ·time of interference between the 
two wells, interference time was defined as that time when 
pres sure waves from both ~vells exhibit a pressure decrease of 
25 psi. at the same point in the formation (See Figure 2-13). 
Each well was assumed to act as a single well 1n an infinite 
reservoir until the pressure waves interfered at which time 
the production of each well falls below that which would be 
predicted by normal calculations. This approach is limited 
to a small number of wells due to the calculation of pressures 
at var1ous radii at any time and the superposition of the 
individual pressure drops at each radius becoming extremely 
tedious as the number of wells is increased. 
Edwardson(21) investigated formation temperature dis-
turbances caused by mud circulation in the borehole. During 
this investigation he developed an approximate method of 
calculating the dimensionless temperature w~ich he also 
This solution was for the unsteady-state 
temperature distribution in an infinite radial reservoir, 
constant terminal rate case. He also presented a summary of 
numerical results in tabular form (See Table 2-5) which was 
not previously available in Mortada's work and 1n addition, 
gave the following approximate expressions for P 0 Cl,t0 ), 
developed from polynominal approximations to his results: 
.Ol~t0<500 (Maximum error of .08%) 
370.529~+137.58~Ct0)+5.69549(t0)~ 




t. ,.D • 2 ... • 3 .... ' .... e ..  . 10 .. .. I!> .. •• 20 ... • 30 
---------
--------- ----- ----4000 3. 65~1 3.45.36 2.9434 2.4746 2.2526 I. 6510 I. 5687 1.1765 3000 3.7155 3.3102 2.eooo 2.3315 2.1099 I. 7095 1.4290 I .0438 2000 3.5131 3. I 079 2.5990 2. 1304 I .9095 I. 5117 I .2347 0.6591 1500 3.3697 2.9&45 2.4550 1.9881 I. 76"/9 I. 3726 1.09?1 o. 7330 1000 3.1677 2.7627 2.2537 1.7885 I .5697 1.1794 ().91215 0.5647 -750 3.0245 2.6197 2. I 114 I .15477 I ,4303 I. 0449 o. 7848 0.4~39 500 2.8231 2.4167 1.9115 1.450:;1 I .2364 0.6606 0.6132 0.3140 
400 2.7125 2.3063 I .6021 I • 343 7 I, 1.314 0.7626 0.5242 0.2466 
300 2.5702 2.1664 1.6617 I .2072 0.9962 0.6408 0.4168 0.1716 
200 2.3703 I. 9674 1.4658 1.0187 O.SI64 0.4806 0.28.26 0.09061 
150 2.2293 I. 8272 I .3285 0.8697 0.6929 0 . .3771 0.2021 0.051 I I 
100 2.0317 I .6313 I .1385 o. 7127 0.5291 0.2492 0. I I 24 0.01806 
75 I. 99.27 I. 4940 ·I .0068 0.5946 0.4224 o. 1748 0.01:692 0.00691 
50 I .6991 I .3035 0.8274 0.4405 0.2868 0.090512 0.02602 0.00115 
40 I. 5939 I .2007 o. 7326 0.3634 0.2252 0.06120 0.01356 0.00032 
.3;) I .4600 I .0706 0.6154 0.2736 0.1552 0.03183 0.004136 0.00004 
20 I .2755 0.6940 0.4624 0.1682 0.06081 0.00966 0.00071 
15 I. 1482 0.7732 0.3643 0. I I CO. O.N515 0.00320 0.00012 
10 0.9751 0.6133 0.2441 0. C5206 0.01579 O.COC41 
7.5 0.6576 0.5080 0.1734 0. OU60 0.00603 0.00006 
5.0 0. 70 II 0.37.37 0.09613 0.00787 0.00101. 
4.0 0.6200 0.3077 0.06490 0.00337 0.00029 
3.0 o. 5217 0.2319 0.03569 0.00068 0.00004 
2.0 0.3960 0.1442 0.01223 0.00007 
1.5 0.3169 0.1003 0.00461 0.00001 
1.0 0.2204 0.04 772 0.00077 
0.75 o. 16!4 0.02591 0.00014 
0.50 0.09939 o.oce65. 0.00001 
0.40 0.07212 0.00410 
0,30 0.04485 0.00127 
0.20 0.01973 0.00015 
o. 15 0,00957 0,00002 
o. 10 0.00263 
(From Reference 21) 
Table 2-6 
















(From Reference 22) 
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40 
tD~500 (Maximum error of .01%) 
(2-43) 
Mueller and Witherspoon(22) compared the variables used 
by Theis to those used by Mortada and Van Everdingen-Hurst 
(See Table 2-6). If the definition of dimensionless time 1n 
Equation (2-38) is based upon any radius in the infinite 
system, we then have 





The dimensionless time of Mortada Ct0 ) 1s related to that of 
Equation (2-44) by: 
(2-45) 
From Table 2-6 it can be seen that when (2-45) is compared to 
the Theis Equation (2-7) then: 
tD 
l 








































































Mueller and Witherspoon adjusted the Theis results of 
Figure 2-14 and Figure 2-15 in accordance with the defini-
tions of Equation (2-46) and Equation (2-47). They also 
modified Mortada's solutions of Figures 2-8, 2-9, and 2-10 by 
means of Equation (2-45). Their results were a family of 
curves shown in Figure 2-16 which converge on Theis' solution. 
Radius ratios not given in Mortada's work were taken from the 
results given by Mueller(23). Figure 2-16 shows that the 
Theis solution can be used for radius ratios greater than 20 
for practical times Ct0~.1). Figure 2-17 shows the percent 
error that would result by using the Theis solution for 
various radius ratios instead of the Mortada solution. 
2.3 Effective Radius of Drainage: 
Aronofsky and Jenkins(24) presented the following expres--




QJ..I _ 2T r: w] 2 l r 
r >>r 
r w 
T = Kt/<Pw 8 rw2 
= effective radius of drainage, em. 
= well radius, em. 
=reservoir radius, em. 
-1 
B. = liquid compressibility, atm · 
Q = production ratB of the well, cc./sec. 
(2-48) 
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K = permeability, darcies. 
~ = viscosity, cps. 
t = time, sec. 
h = thickness of formation, em. 
Po = initial reservoir pressure, atm. 
p = w well pressure, atm. 
<t> = porosity, fraction. 
Employing the common dimensionless pressure drop definition 
= 
2nKhCP 0 -Pw) 
Q~ 






= P(T)- 2T (r:) 
Since a value of the reservo1r radius is required, 
(2-49) 
(2-50) 
Equation (2-50) is only applicable for finite radial reser-














Crd/rr) = e- 4 = .472 







This result glves the effective drainage radius for finite 
radial reservoirs under liquid flow conditions. The effective 
drainage radius thus stabilizes at about one-half (.472) the 
outer radius after only a small percentage of the liquid ln 
place has been removed. 
Figure 2-18 shows how the effective drainage radius, rd, 
varies with time. This plot shows that, initially, rd 
starts out near the wellbore and advances radially outward 
as flow continues. During this initial period rd is inde-
pendent of the outer boundary. During the later life of the 
reservoir rd is independent of rw but is dependent upon the 
outer radius, r , as can be seen in Figure 2-19, which also 
r 
shows that the effective drainage radius builds up to .472 r . r 
Due to the apparent constancy of the pressure at various 
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Table 2-7 
Van Poolen's Summary of Various Radius-of-Drainage 
and Stabilization-time Equations 
(Ref. 25) 
(2~) 
Browns-(21) ( -2 8) ( 30) ( 14) 
Tek,lirove, combo {Ref. :26) 
P.E. and Kern Chatas Hutchinson 
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expressions for the "radius of drainage". This drainage 
l'adius is usually defined as that distance beyond \vhich the 
pressure change is only 1% of the change in pressure in 
effect at the wellbore. Some authors, however, have des-
cribed this radius as that point across which only 1% of 
the flow occurs when 100% flow is being experienced at the 
wellbore. 
Van Poolen( 2 5) summarized the vJorks of such authors as 
Jones(26), Tek(27), Huskat(28), Brownscombe and Kern(29), 
Chatas(l4), Hutchinson and Kern(30), and Hurst, Haynie, and 
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Walker(31). Van Poolen's summary table for the var1ous radius 
of drainage equations developed by each of the above authors 
lS given in Table 2-7. None of tGese equations, however, 
lS derived for the effective drainage radius of an infinite 
radial reservoir subject to constant terminal rate conditions. 
Nute(32) summarized tqe literature concerning pressure 
distribution in reservoirs and aquifers and pointed out the 
differences between the methods commonly used by hydrologists 
and those employed by petroleum eng1neers. It was also 
pointed out that the point-source or exponential integral 
solution of Theis and Horner Has not sufficiently accurate 
for the ranges of dimensionless time normally used in aquifer 
studies, and that the Van Everdingen-Hurst approach must be 
used. 
As a result of the above study, it was recommended that: 
, 
...... 
A method be developed which waul~ permi~ the.aquifer 
pressure to be calculated at ~a~lous polnt~ ln a~ 
infinite radial aquifer for dlf!erent pump1ng ra~es 
and various pumping times. It was suggested that 
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this be accomplished by using a digital computer to 
solve the Van Everdingen-Hurst constant terminal 
rate solution to the diffusivity equation. 
2. An equation be developed which would accurately 
predict the radius of drainage (the radius at which 
the pressure drop surrounding a well or reservoir 
could be considered to be negligible). This then 
would be an effective radius of drainage for the 
infinite radial system. 
CHAPTER 3 
GENERAL FORMULATION 
3.1 Method of Formulation 
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When this investigation into the transient pressure 
distribution in aquifers surrounding oil fields was commenced 
it was decided that a numerical evaluation of the Van 
Everdinger1 and Hurst explicit constant terminal rate solution 
to the radial diffusivity equation (Equation 2-17) would be 
attempted rather than a finite difference solution as per-
formed by Mortada(l6). The main reasons for choosing to 
solve this problem by the more difficult numerical evaluation 
were: 
1. By obtaining PD(l,TD) values by numerical evalua-
tion of the Van Everdingen-Hurst equation, the 
table presented by Chatas could be checked. 
2. The values of PD(RD,TD) obtained by numerical 
evaluation of Equation 2-17 could be checked 
against the finite-difference results presented 
by Mortada in Figures 2-8 through 2-10. 
3. Computer time was not considered a factor in 
influencing the choice of type of solution to be 
attempted in this study. 
4. The numerical evaluation of the explicit constant 
rate equation of Van Everdingen-Hurst was pre-
ferred since some doubt had been expressed in the 
past that useable PD(RD,TD) values could be 
obtained by this type of an approach due to 
oscillation. 
3.2 Mathematical Considerations 
No attempt was made in this study to derive any new 
equations for unsteady-state pressure distribution in infinite 
radial systems. Sufficient analytical solutions to the radial 
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diffusivity equation subject to a constant producing rate are 
already available in the literature (9)' (11) ( 13) . Although 
the necessary equations have been present in both the heat 
transfer and the petroleum literature for many years, very 
few numerical results for PD(RD,TD) have been presented for 
dimensionless radius ratios other than RD = 1.0. Mortada(l6) 
presented some gr•aphical results for PD( RD, TD) but the 
accuracy of these results is limited by the scale of his 
graphs (See Figures 2-8 to 2-10). Also, Mortada only pub-
lished PD(RD,TD) curves for seven RD ratios and interpolation 
between these seven curves is difficult and inaccurate. 
The availability of numerical values for PD(RD,TD) is 
limited partially because of the widespread use of the Theis 
or Exponential Integral solution to the radial diffusivity 
equation rather than the more accurate finite wellbore 
solution(9). The exponential integral solution has been 
used mainly because it is easy to solve and because numerical 
results are available(3), (4). For most well problems 
encountered by hydrologists and petroleum engineers, the 
ixponential integral solution is sufficiently accurate; but 
for aquifer studies, Mueller and Witherspoon showed that the 
error introduced by using the exponential integral was 
considerable (See Figure 2-17). 
It was further recognized that Buxton(l9) attempted a 
numerical solution to the explicit Van Everdingen-Hurst 
equation (Equation 2-17) but was only partially successful 
in obtaining accurate PD(RD,TD) values. The oscillation of 
the function being integrated (See Equation 2-17) limited 
the use of his Simpson's Rule technique to RD values less 
than 10 and dimensionless times below 50. 
The Van Everdingen-Hurst equation for unsteady--state 







The main problem in obtaining numerical results for 
PD(RD,TD) is the oscillation of the complex function being 
integrated in Equation(3-D and the lack of rapid convergence 
of this function for values of X close to zero. Also, the 
requirement of using a large upper limit of integration makes 
impractical the small panel size needed for accuracy. 
The TD range over which Equation(3-l)must be integrated 
can be reduced by employing the simplifications for large and 
small dimensionless times presented by Carslaw and Jaeger(8). 
For TD~.01, Equation(3-l)reduces to: 
2/TD RD-l ( 3RD+l) lfD . 2 f RD-1 
PD(RD,TD)= ierfc ---- - 4TD 1 er c 
IRD 2/TD 2 lTD 
(3-2) 
Equation (3-2) is similar to that used by Mortada except 
that an extra term has been added to improve the accuracy of 
_the PD(RD,TD) values at small dimensionless times. For 
complete development of Equation (3-V see Appendix B, page 224. 
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When TD exceeds 500, Carslaw and Jaeger showed that 
Equation~-~ could be used to accurately predict PD(RD,TD). 
It's full development is also given in Appendix B, page 227. 
PD(RD,TD) = } [Ln 4Kt 2 - yl 
tj>]Jcr (3-3) 
Equation (3-3)is identical to Mortada's expression for 
large TD, and is also an excellent approximation to the 
exponential integral solution of Lord Kelvin, Theis, and 





dX • (3-5) 
The assumption of equivalance of Equations (3-3) and (3-4) 
at large TD values is discussed in detail in Appendix B, 
page 229. Equation (3-3)can be used provided 
4TD > 2000 
RD2 -
(3-6) 
This provision is satisfied for RD = 1.0 when TD~SOO. 
Therefore for RD = 1, Equation(3-3)can be used to express the 
dimensionless pressure at any.dimensionless time. 
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For this study, however, RD ratios other than 1.0 were 
required and therefore Equation (3-~was preferred to tquation 
8-3). If RD = 10, for example, applying Equation (3-5) leads 
to a TD value of at least 50,000. At RD = 10, Equation ~-3) 
would not be very accurate since TD = 500 was used as the 
lower limit of the exponential integral simplification in 
this study. 
The following definitions of the dimensionless quantities 





1 (3-8) PD = 
' q~ 
and, 
RD = r/rb (3-9) 
For aquifer studies it is of interest to be able to 
define the dimensionless pressure at any RD and TD in terms 
of the dimensionless pressure PD(l,TD) at the inner boundary 
of the aquifer (RD = 1.0) at the same TD. For this reason, 
t •t PD' was developed in this a new dimensionless quan 1 y, , 
study. PD' is defined as a fractional dimensionless pressure, 
PD' = PD(RD,TD) PD(l,TD) 
(3-10) 
And, from Equation (3-7): 
PD' = 2rrKHP(r ,t~ 2 rr KHP ( l , t ) I q ll-
so that 




From Equation (3-l~, it can be seen that PD' lS also a 
fractional pressure change since it is a ratio of the pres-
sure change existing at a radius r away from the lnner 
boundary TO the pressure existing at RD = 1.0 at the same 
instant of time. 
When PD(RD,TD) is defined in terms of pressure-drop ln 
the aquifer rather than pressure change, then: 









PD' = (p.-p)(p.-pb) 
l l 
where: 
= the initial aquifer pressure pi 




Equation C-lS)shows that PD' is actually a fractional 
pressure-drop or the ratio of the pressure~drop (pi-p) 
experienced at any radius r to the pressure-drop (pi-pb) 
occurring at the same TD at the inner boundary (RD = 1.0). 
For the purpose of locating an effective radius of 
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drainage for an infinite radial aquifer subject to a constant 
rate of production from its lnner boundary, PD' can be 
assumed to be equal to .01. This assumption would indicate 
that at a radius r away from the inner boundary, the pressure 
change is 1% of the change occurring at the inner boundary. 
3.3 The Problem of Oscillation 
Buxton(l9) found that Simpson's Rule could be used to 
integrate the function given in Equation(3-Uonly for RD 
ratios from 1 to 10 and for TD values up to 50. For RD 
values greater than 10 oscillation of the function being 
integrated became severe and prohibited the continued appli-
cation of Simpson's Rule. For TD values greater than 50, 
the function failed to converge rapidly at the origin. 
Figures 3-1 to 3-5 show the variation of the function 
F(X) with the argument X for several TD and RD values. The 
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Figure 3-3, however, shows that for RD = 1.0, integration 
by numerical techniques should not be difficult as no oscilla-
tion of F(X) occurs regardless of the X value selected. As 
RD increases, however, oscillation becomes serious. At RD = 
10, F(X) has changed sign nine times by the time X has 
reached 3.0. In addition to oscillating, F(X) also dampens 
out with increased X values. Because of this damping effect, 
the largest part of the area under the F(X) curve is obtained 
at small X values and any integration technique used must be 
accurate in this region. As X increases the value of F(X) 
rapidly decreases and by the time X>l5.0, F(X) has become 
very small. Buxton pointed out that at X= 1000, F(X) was 
less than .00001. 
Even though F(X) becomes small, any integration from 
zero to infinity must have an approximatingly large upper 
limit since even an F(X) value of .001 when extended over a 
long X distance will cause the value of the integral to 
change appreciably. 
Figure 3-5 points out the problem of lack of rapid 
convergence of the function near the X origin. As can be 
seen for TD = 100 and RD = 10, F(X) is equal to 3.1 when 
X = .02. When F(X) is taken as zero at X = 0 and a straight 
line is assumed to connect F(O) to F(.02) then the area 
under the cnrve can be seriously miscalculated. Because of 
the rapid dampir:.g of the function, this error in area 
estimation can become a large part of the total area under 
the F(X) curve. 
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In general, the value of F(X) decreases with increasing 
X, with increasing RD ratios, and increases with increasing 
TD values. Oscillation increases with increasing RD ratios, 
with increasing X values, and with increasing TD values. 
By the time TD = 100, as seen 1n Figure 3-5, the F(X) 
curve for small RD ratios has assumed a shape which can be 
approximated by the exponential integral function. This 
points out the reason for the simplification of Equation 3-1 
at large TD values. 
From Figures 3-1 to 3-5 it can be seen that even though 
at RD = 10 the oscillation is severe the oscillation is still 
equivalent. Equivalent oscillation refers to the fact that 
the area under a negative section of the F(X) curve is approx-
imately equivalent to the area under the positive section 
immediately following. Because of this equivalence of areas 
the effect of oscillation is not actually as important as 
Buxton assumed. This is because the area added to the value 
of the integral is quite small once the severe oscillation 
starts since by this time the value of F(X) itself is also 
small. Therefore, any error caused by oscillation affecting 
the integration technique is significantly offset by the 
approximate cancellation of the areas above and below the X 
axis. 
3.4 Variable Transformation 
After the integration of the F(X) function (Equation 
3-16) by a modified Trapezoidal Rule (discussed in Section 
3.5) it was evident that the values of PD(l,TD) were begin-
nlng to deviate somewhat from those presented by Chatas at 
TD values above 25. Since the lack of rapid convergence 
near the origin seemed to be the cause of this deviation, a 
transformation of limits was developed which caused the 
values of FT(~) (the transformed F(X) function) near the 
or1g1n to become very small. FT(~) is defined by Equation 
3-20 where only the definition of X has been changed in the 
transformed case. In this way the error introduced by the 
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step from X = 0 to the X location of the first evaluation of 
Equation ~-l6)would be reduced 1n relative importance since 
the area added would be a very small fraction of the total 
area under the curve being integrated. 
By the use of this transformation, it was possible to 
maintain a small panel size and at the same time obtain a 
very large upper limit for the integral of Equation (3-16). 





u is equivalent to X in Equation (3-16) and the X of Equation 
h th t O<X-<1. 1his change of X (3-17) is a number sue a : ~ -
definition is required to be consistent with the computer 
programs which use X as the variable of integration for both 




du = dX/Cl-.X) 2 . (3-19) 
Substituting these relationships into Equation (3-l) 
results in the following equation: 
0 (3-20) 
The value of the function FT(X) is shown in Figures 3-6 
to 3-9. From these figures it can be seen that FT(X) is very 
nearly zero at X = 0 and the problem of rapid convergence near 
the origin is no longer a serious problem. 
Although the oscillation seems more severe for large 
values of X in Figures 3-6 to 3-9 than in the untransformed 
F(X) plots (Figures 3-l to 3-5), both functions do change 
s1gn in exactly the same manner and the transformation has 
siffiply squeezed the oscillations together and increased 
their amplitude. 
Because of the decreased range of limits (from 0 to l 
rather than from 0 to oo) it was possible to obtain a much 
smaller panel size and still maintain an upper limit of 
.9999g5 or approximately 200,000 1n untransformed terms. 
This decreased panel size served to reduce the ·error caused 































































































































































































































































































































































































































































































































































































































































































































































































made before the sign changed than was possible before the 
transformation was made. 
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As.can be seen from Figures 3-6 to 3-9, the area under 
any two successive oscillations is approximately the sa~e 
once the severe oscillation begins and thus the value of the 
integral is not increased appreciably in this region. Inte-
gration error occurring in the region of high oscillation 
therefore does not seriously affect the accuracy of the 
PD(RD,TD) values obtained in this study except at TD values 
below 1.0. 
Figure 3-6 indicates that for a TD value of .01 the area 
added in the region of high oscillation is a large part of 
the total area under the FT(X) curve. This would indicate 
that any error in integration has a larger effect on the 
PD(RD,TD) values obtained than for large TD values (above 1.0). 
However, the error introduced for TD<l.O does not seem to 
have a large effect on the value of PD(RD,TD) obtained. The 
untransformed function F(X) can be integrated quite accurately 
in the region below TD <1.0 s1nce convergence for these low 
TD values is not a problem because of the low value of F(X) 
at small TD values. A comparison of RD ratios having a 
given fractional pressure PD' for the transformed and untrans-
formed methods _resulted in a difference in RD values of not 
more than 4.2%. This would seem to indicate that even for 
TD<l.O the error introduced by the transfor~nation is not 
unreasonably large. 
3.5 Kumeri~al Analysis Techni_g_ues 
A. Program No. 2A - This program employs a modified 
Trapezoidal Rule to integrate the function F(X) of Equation 
(3-16). The integration of F(X) was accomplished without 
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transformation of limits. The lower limit of integration was 
set at .02 and the upper limit was 2160. This technique is 
termed a modified Trapezoidal Rule because the area under 
the curve is obtained by forming a trapezoid with the panel 
size changing with increasing X. In order to be a true 
Trapezoidal Rule, the panel size would have to be the same 
throughout the range of integration. It was found necessary 
to impose a changing panel size to obtain a small panel size 
for small X values and still be able to have a larger panel 
size as X increased beyond 15.0. By using a changing panel 
slze it was possible to have both a large upper limit and a 
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In Section A of Figure 3-10 a panel size of .10 was used. 
S~art~ng at X = .02 and taking 150 of these panels resulted 
in Section B starting at 15.02. The panel size was then 
increased to .30 and 150 more panels were taken before chang-
ing to .50. The procedure of sectionally increasing panel 
size by .20 was repeated 12 times before an upper limit of 
approximately 2160 was reached. 
As discussed in Section 3.4 and 3.5, the region X= 0 
to X= .02 and the large panel size used (.10 or larg~r) 
caused the integration to become somewhat inaccurate at TD 
va.lues above 25 and at large RD ratios. Program No. 2 was 
designed to improve upon this technique and to check the 
values of (RD - 1) obtained from Program No. 2A. 
B. Program No. 2 - In this approach a Romberg integra-
tion was performed on the transformed function FT(X) between 
the limits of 0 to 0.999995 with this upper limit being 
equivalent to an upper limit of 200,000 in Program No. 2A. 
The distance betwene 0 and .999995 was divided into (2)k 
equal panels. The value of k was allowed to increase from 
1 to 10 and the function FT(X) was integrated 10 times by 
the regular Trapezoidal Rule with the number of panels 
increasing from 2 to 1024. 
The standard Trapezoidal Rule formula is given 
as: 
TN = H [F:0 + FT1 + FT 2 + FTN-1 + ~N) ... (3-21) 
where: 
h =?a (k=l,2, ... 10) 
Double-precision evaluation of Equation (3-15) was 
impractical due to the excessively large computer time 
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(3-22) 
required for single-precision. The Romberg integration was 
preferred to either Simpson's Rule or the straight Trapezoi-
dal Rule because it allowed the integration to be carried 
out with coarser intervals for which round-off error was 
less and maximum accuracy could be obtained. The effects of 
panel size and double-precision are discussed briefly in 
Section 3.6. 
The Romberg integration operator used is 
where: 
and, 
k (m-1) (m-1) 
4 T 2kN -T 2k-1N 
4k-l 
m = 0,1,2 .. 9 
k = 1 '2 ' ... 10 
N b-a = 11 
( 3-23) 
(3-24) 
Each successive entry in a column becomes more and more 
· the error of Equation (3-23) is of the order: 
accura·te s~nce 
2m+2) 
error = O(h (3-25) 
Table 3-l 
(m) 
SUCCESSIVE ROMBERG APPROXI~ATIONS - T2kN 
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as (m - 0 1 ? ) 
- ' ,~, ... and h+O . 
Also, the agreement of successive entl,l"es · ln a row provldes 
a good indication of the accuracy obtained. 
For this study T 1 ~~~N was taken as the value of the 
integral of FT(X) from 0 to .999995 since this is the most 
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accurate entry of all. The error introduced by this tech-
nique is discussed in Section 3.6. 
3.6 Error A~alysis 
Each of the polynomial approximations employed in the 
analysis has -7 error terms less than 10 ; therefore, the 
error resulting from these approximations will be considered 
to be ne~ligible as far as this analysis is concerned. These 
polynomial approximations were for the integrand functions of 
J 1 , Y0 ~ Y1 , J 0 , Erf(X), etc. 
The error to be considered resulted from the numerical 
integration of FT(~) by the Romberg technique. 
There are two major parameters which must be opti~ized 
ln order to accurately integrate Equation (3-17) by the 
Romberg technique. These are the upper limit of integration 
and the number of integration panels. 
The selection of the upper limit of integration depends 
mainly upon the size of the argument (u,RD) which can be 
successfully evaluated by the computer routines such as SIN 
and COS. It was found that these routines would ~ot 
operate when the argument (u,RD) was greater than 823~550. 
The use of the multiple angle expansions for the SIN{12X) and 
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the COS(l2X) allowed arguments 12 times larger to be success-
fully evaluated and permitted an upper limit of .999995 to be 
used regardless of the TD-RD combination being integrated. 
The use of transformed upper limits greater than .999995 
resulted in changes in the PD(RD,TD) values in the sixth to 
seventh decimal place for all values compared. On the other 
hand, the use of .99995 as an upper limit caused the PDCRD,TD) 
values to differ in the fourth to fifth decimal place. As a 
result of these comparisons, .999995 was selected as the upper 
limit of integration best suited for all TD-RD combinations. 
As previously mentioned, because of the 1ncrease 1n 
oscillation of FT(~) as RD increases and the increase 1n 
magnitude of FT(~) as TD increases, the optimum number of 
integration panels required to give a certain degree of 
accuracy also changes with TD and RD. In general, more panels 
are normally needed in order to achieve the same accuracy 
when the degree of oscillation increases. But, accuracy is 
also a function of the magnitude of FT(~) for the TD being 
evaluated. If FT(~) is large then a small error in the inte-
gration resulting from an insufficient number of panels can 
cause a fairly large change in the value of PD(RD,TD) calcu-
lated. 
The amount of computer time required is also a factor in 
the selection of the number of integration panels to be used 
since the time increases with the number of panels. The 
following times were r•equired to obtain the same PD( RD, TD) 
value with different numbers of panels: 










The main basis for choosing the number of integration 
panels was whether the value of the integral of FT(~) failed 
to change significantly when the number of panels was doubled. 
It was found that in most cases the value of the regular 
trapezoidal integration of FT(X) changed only in the third 
decimal place as the number of panels increased from 256 to 
512 to 1024. This indicated that regardless of the oscilla-
tion of FT(~), the trapezoidal integration with 1024 panels 
gave stabilized results. When the seventh, eighth, and ninth 
Romberg combinations of the ten trapezoidal answers were 
compared the results change beyond the sixth decimal place 
for all results. 
It should be pointed out also that the use of 1024 inte-
gration panels between 0 and .999995 gave results for 
PD(l,TD) which are almost identical to those presented by 
Chatas. Because of this good reproduction of the accepted 
results and because of the relative stability of the 
answers obtained, 1024 panels were used for all TD-RD combin-
ations being integrated. 
·In single-precision, 36 to 42 seconds of I.B.M. 360/50 
computer time were required to obtain one PD(RD,TD) value 
when .Ol<TD<SOO. Double-precision computation required from 
90 to 100 seconds of computer time to obtain the same 
PD(RD,TD) value. These times were based upon the ninth Romberg 
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combination' being used as the value of the integral and 1024 
panels being used for the integration between 0 and .999995 
of Equation (3-17). 
The slight variation 1n the time required when TD fell 
within the range requiring FT(X) to be integrated by the 
Romberg technique resulted from the varying size of the 
argument (u,RD). Many different polynomial approximations 
were used to evaluate FT(X) and the specific approximation 
selected depended upon the size of the argument (u,RD). 
Some of these approximations required a slightly longer 
period of time to be evaluated than did others. 
Double-precision was performed to check the round-off 
error caused by the computer during the many repetitive calcu-
lations needed to obtain a PD(RD,TD) value. In all 12 spot-
checks that were made for different combinations of TD and 
RD, the difference between the single-precision and the 
double-precision results was in at least the sixth decimal 
place or beyond. The results of these double-precision 
checks indicated that the PD(RD,TD) values presented in 
Tables 4-1 to 4-3 were accurate to at least the four decimal 
places shown in those tables. 
Chapter 4 
DISCUSSION OF RESULTS 
4.1 Tabulated Values of PD(RD,TD) 
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Tables 4-1 to 4-3 give the numerical results obtained 
from this study for PD(RD,TD). These dimensionless pressure 
values were obtained from Program No. 1. PD(RD,TD) values 
have been presented for RD ratios from 1 to 64 and for TD 
values from .0005 to 1000. The results shown in Tables 4-1 
to 4-3 have been given to four significant figures. If more 
accurate values of PD(RD,TD) are desired, the complete compu-
ter results are available in Appendix C, page 248. The RD 
ratios presented are sufficiently close together to allow 
accurate interpolation between columns. Interpolation is 
also possible between successive TD values in any column. 
Table 4-4 gives the results of 10 randomly selected interpo-
lations between rows and 20 interpolations between columns. 
This table shows the error which would result from the use of 
interpolation from Tables 4-1 to 4-3 rather than the use of 
Program No. 1 to calculate PD(RD,TD). The average percent 
difference between the PD(RD,TD) values obtained by interpo-
lation between RD columns in Table 4-1 and those produced by 
Program No. 1 was 6.40%. The maximum percent difference was 
23.3%. Interpolation between TD values in the same RD 
column of Table 4-1 resulted in an average percent difference 
of 1.07% with a maximum of 2.97%. The interpolations mentioned 
above were made by selecting PD(RD,TD) values on either side 
of a particular PD(RD,TD) entry ir Table 4-l. The difference 

TD RD : 4.5 RD: 5.0 RDz 5. 5 
1.000 . ooJ+3 . 0005 . 0009 
1.200 . 0069 . 0016 .0013 
1.400 .0105 . 0033 .0020 
2. 000 .0260 . 0120 .oo66 
3.000 . 0610 .0354 .0216 
4. 000 .1001 .0646 .0427 
5.000 .1394 .0959 .0669 
6.000 .1773 .1273 . 0925 
7.000 . 2134 .1581 .1181 
8.000 .2476 .1878 .1436 
9.000 . 2800 . 2164 .1684 
10.00 . 3106 . 2438 .1926 
15.00 .4417 .3641 . 3017 
20 ,00 .5461 . 4621 .3933 
30 .00 .7061 . 6152 .5389 
40.00 .8270 . 7323 . 6520 
50 .00 . 9242 . 8272 .7443 
60 .00 1.006 . 9069 .8222 
70.00 1.075 .9755 . 8896 
8o . oo 1.137 1.036 .9489 
90 .00 1.191 1.090 1.002 
100.0 1.2lfO 1.138 1.050 
150 . 0 1.432 1.328 1.238 
200 .0 1 . 570 1.466 1.374 
250 .0 1.678 1.573 1.481 
300 .0 1.767 1.662 1.569 
350 •. 0 1.842 1.737 1.644 
400,0 1.908 1.802 1.709 
450.0 1.966 1.860 1.767 
500 . 0 2,018 1.911 1,818 
550 . 0 2 .060 1. 956 1,862 
6oo .o 2 .103 1. 999 1.905 
650 . 0 2.143 2.038 1.944 
700.0 2.180 2.075 1.981 
750.0 2. 214 2.109 2.015 
8oo.o 2.246 2.141 2.047 
850 . 0 2. 276 2.171 2.077 
900 . 0 2. 305 2. 200 2.105 
950, 0 2. 331 2,227 2.132 
1000. 2 . 357 2.252 2.158 
RD ':: 6 .0 RD .. 6. 5 










. 2497 . 2064 
. 3345 . 2844 
.4724 .4143 
. 5812 .5186 
. 6707 . 6052 
.7467 . 6791 
. 8127 .7436 
. 8710 . 8007 
.9231 . 8520 
. 9704 . 8985 
1.156 1.082 






1.734 1. 656 




1. 929 1.850 
1.961 1,882 
1.991 1.912 
2.019 1, 9/;0 
2.046 1.9(7 
2.071 1.992 
Table 4- 2 
PD(RD,TD) Values at Selected RD Ratios 
for Var ious TD - Constant Rate Case 
RD: 7 . o ~D ': 7.5 RD s: 8.o RD : 8.5 
.0025 .0020 
.0089 .0060 .0021 . 0017 
.0185 .0127 .oo66 .0047 
.0304 .0215 .0130 .0092 
.0438 .0319 .0209 .0151 
.0583 .0435 .0301 .0222 
.0733 .0559 .0401 .0303 
.o888 ,0688 .0508 .0390 
.1656 .1359 .1088 .0886 
. 2368 . 2005 .1669 .1406 
. 3586 .3140 . 2723 .2379 
.4582 .4088 .3622 .3228 
. 5418 ,4892 .4393 .3965 
. 6136 . 5587 .5065 .4614 
.6764 . 6200 .5660 .5191 
.7323 . 6746 .6193 .5709 
.7826 .7238 . 6675 .6180 
.8283 .7687 .7115 . 6611 
1.010 . 9474 . 8874 .8342 
1.142 1.079 1.017 .9627 
1. 247 1.183 1.121 1.065 
1.334 1.269 1.206 1.150 
1.408 1.342 1.279 1. 222 
1.472 1,406 1.343 1.285 
1.529 1.463 1.399 1.342 
1.580 1.514 1.450 1.392 
1.625 1.557 1.495 1.436 
1.667 1. 600 1.537 1.478 
1.707 1.639 1.576 1.517 
1.743 1.675 1.612 1.553 
1.777 1.709 1.646 1.587 
1.809 1.741 1.677 1.618 
1.838 1.771 1.707 1. 648 
1,867 1.799 1.735 1.676 
1.893 1,825 1.762 1.702 
1.919 1.851 1.787 1.727 
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.0009 .ooo8 .0007 4.000 
.0028 .0019 .0014 5.000 
.oo6o .0041 .0029 6.000 
.0103 .0072 .0051 7.000 
.0157 .0113 .oo81 8. ooo 
,0220 .0162 ,0118 .0009 9.000 
.0291 .0218 , 0162 .oon .0002 10.00 
.0712 .0571 .0456 ,0039 .0018 15.00 
.1173 .0978 , 0812 .0104 .oo6o 20.00 
, 2067 .1795 .1556 .0326 ,.0224 30.00 
. 2866 . 2544 .2256 .0619 .0461 40 .00 
. 3570 .3214 .2891 .0942 .0734 50.00 
.4194 .3813 . 3465 .1271 ,1021 60 .00 
.4752 .4352 . 3985 .1596 .1310 70.00 
.5256 .4842 . 4459 .1911 .1594 8o.oo 
.5715 .5289 . 4894 . 2214 .1871 90.00 
. 6137 .5700 .5296 . 2505 .2139 100.0 
.7838 .7370 . 6933 . 3779 . 3337 150.0 
.9107 .8623 .8169 .4813 .4326 200 .0 
1.012 .9625 . 9160 .5677 .5160 250.0 
1.096 1.046 . 9987 .6416 .5879 300.0 
1.168 1.117 1.070 .7061 .6509 350.0 
1.231 1.180 1.132 .7633 .7070 400.0 
1.287 1.236 1.187 ,8147 .7574 450.0 
1.337 1,286 1,237 ,8613 .8033 500.0 
1 •. 381 1.329 1,279 . 9013 .8434 550.0 
1.423 1.370 1.321 . 9408 ,8824 600,0 
1.461 1.409 1.360 . 9773 .9185 650.0 
1.497 1.445 1.395 1.011 . 9522 700,0 
1.531 1.478 1,429 1.043 . 9838 750.0 
1.562 1.510 1,.460 1.073 1,014 8oo.o 
1.592 1.539 1.489 1.102 1,042 850.0 
1,620 1.567 1.517 1.129 1.068 900,0 
1,646 1.593 1.543 1.154 1.093 950.0 
1.671 1.618 1.568 1.178 1.117 1000. 
Ttl R.DIIi20 RD :1 25 RD • 30 
20 .. 00 
.0005 
Table 







for Various TD - Constant Rate Case 










































PERCENT DIFFERENCE BETWEEN INTERPOLATED PD(RD,TD) 
VALUES AND THOSE PRODUCED BY PROGRAM NO. 1 
Part A. IntePpolation between RD columns in Figures 
4-3 
4-1 
Interpolated Program Percent 
to 
TD RD PD(RD,TD) PD(RD,TD) Difference 
.02 1.1 .0887 .0719 23.3 
400.0 1.1 3.312 3.309 . 09 7 
.60 2 . 0 .1364 .1271 7.3 
1.2 2.0 .?.740 .2627 4.3 
8.0 5.0 .1956 .1878 4.2 
40.0 10.0 .2371 .2256 5.1 
90.0 10.0 .5009 . 4 894 2.4 
300.0 25.0 .2940 .2697 9 . 0 
550.0 40.0 .1370 .1776 22.9 
800.0 55.0 .1251 .1205 3.8 
.15 1.6 .0567 .0541 4.8 
9.0 3.0 .5917 .5761 2.71 
75.0 1.6 3.264 3.245 .59 
9.0 7.0 .0785 .0733 7.1 
950.0 6.0 2.050 2.046 .20 
6.0 8. 5 .0095 .0092 3.4 
550.0 32.0 .3055 .3200 4.5 
350.0 60.0 .0126 .0135 6.7 
1000.0 40.0 .3607 .3512 2.7 




Part B. Interpolation between TD rows in Figures 4-1 to 4-3 
Interpolated Program Percent 
RD TD PD(RD,TD) PD(RD,TD) Difference 
1.0 8.0 1.553 1.556 .19 
1.0 750.0 3.714 3.715 .03 
1.0 .004 .0617 .0621 .65 
1.8 2. 0 .4926 .4784 2.97 
1.9 400.0 2.806 2.824 .64 
50.0 400.0 .0474 .0469 1.07 
32.0 90.0 .0110 .0107 2.80 
7.5 15.0 .1347 .1359 .84 
10.0 40.0 .2224 .2256 1.42 




between the two PD(RD,TD) values chosen for interpolation was 
therefore about double what would be required when normally 
interpolating between columns or rows in Table 4-1. As a 
result of this large difference, the author believes that 
regular interpolation between RD columns ln Table 4-1 should 
produce an average percent difference of less than 5.0% 
with a maximum of less than 10%. For regular interpolation 
between TD values in Table 4-1, the average percent difference 
should be less than 1.0% with a maximum less than 2.0%. 
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4.2 Comparison of PD(RD,TD) Results 
The values obtained for PD(l,TD) can be checked against 
those of Chatas by comparing Table 4-1 to Table 2-2. The 
maximum percent difference between the results of this study 
and those of Chatas are listed below for the 3 different TD 
ranges. The 3 TD regions correspond to the region of Romberg 
integration and the two regions of simplification where inte-
gration was not required. 
TD Region 
.0005~TD~.Ol 
.01 < TD~500 
500 <TD<lOOO 
Table 4-5 





In lieu of the excellent reproduction of Chatas' results 
in all three TD regions, it is believed that 3 of Chatas' 
PD(l,TD) values are in error. The PD(l,TD) values in question 




TD This Study Chatas Difference 
--
1.2 .8672 .8567 1. 21 
1.4 . 9160 .9047 1.24 
2.0 1.0195 1.0222 .27 
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Mortada's results for PD(RD,TD) shown in Figures 2-8 to 
2-10 cannot be numerically compared since no tabulated 
results of Mortada's work are available. The results 
obtained in this study do, however, plot exactly on the 
curves presented in Figures 2-8 to 2-10. 
In general, the results of this study compare favorably 
with those of Buxton presented in Table 2-4 and Figure-2-11. 
Points calculated in this study were plotted on Buxton's 
Figure 2-11 and any deviation was too small to be observed. 
No formal attempt was made to calculate all the percent 
differences between the results of this study and those 
presented by Buxton because the oscillation of the function 
F(X) and the lack of rapid convergence near the origin 
apparently affected Buxton's results for TD less than 50 and 
RD less than 10. As can be seen from Tables 2-4 and 2-2, 
Buxton's technique fails to reproduce Chatas' results even 
at TD equal to SO, whereas, the results of this study agree 
with those of Chatas for RD = 1 across the entire TD range 
to within 0.28%. Since Buxton did not reproduce Chatas' 
results at RD = 1.0 where oscillation is not a problem, the 
author did not deem a formal comparison of results neces-
sary. A spot-check of 15 PD(RD,TD) values, however, indica-
ted a maximum deviation of 10% between the results of this 
study and the PD(RD,TD) values presented by Buxton. 
The PD(RD,TD) values presented by Edwardson in Table 
2-5 agree with those of this study to within 2.0% except at 
the lowest five or six TD values in each of RD column. 
Edwardson did not, however, point out whether his Table 2-5 
was the result of a curve fit of Mortada's results (Figures 
2-8 to 2-10) or whether Table 2-5 was the product of some 
other unmentioned technique developed by Edwardson himself. 
Since the origin of Table 2-5 was uncertain, no attempt to 
explain the deviation of results at low TD values can be 
reasonably made. 
4.3 Tabulated (RD-1) Results 
Table 4-7 gives the values of (RD-1) obtained from 
Program No. 2A for various fractional pressure values, PD'. 
This table contains the 30 values used to plot Figure 4-1 
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and these numerical results are tabulated for those inter-
ested in reproducing a work-plot similar to Figure 4-1 on a 
scale sufficient to allow field problems to be accurately 
solved without the use of the digital computer (See Insert 7). 
Although the results of Table 4-7 are obtained from 
Program 2A, the author suggests that Program 2 be used in 
preference to Program 2A for further accuracy. 
Table 4-8 gives the results of 30 spot-check compari-
sons of (RD-1) as produced by Program 2 and Program 2A. 
(RD-1) is the radius ratio at which the fractional pressure, 
PD', exists at a dimensionless time TD, minus 1.0. 
The percent difference values of Table 4-8 were averaged 
and yielded a value of .62%. The maximum difference is 4.2%. 
TD PD'= .01 PD'= .02 PD' c .05 
.0010 .l009 .0899 .0739 
.0020 .1424 .1268 .1042 
.0030 .1740 .1550 .1273 
.0040 .2008 .l787 .1468 
.oo6o .. 2452 .2183 .1793 
.0100 . 31:::G .2809 . 2304 
.0200 .4630 .4074 .3241 
.0400 .606~ .5502 .4574 
.oGoo .769 .6647 . 5497 
.lOOO .9689 .8741 .7018 
.2000 1 •. 366 1.215 . 9801 
. 3000 1 • .680 1.457 1.194 
.4250 1 •. 948 1.74o 1.403 
.7000 2.512 2.201 1.780 
1.000 2.974 2.611 2.108 
1.500 3. 577 3.153 2.547 
2.200 4. 317 3.804 3.042 
3.000 5.025 4.387 3.513 
5.000 6. 399 5. 593 4.455 
10.00 8.905 7. 76') 6 .l42 
15.00 10.76 9.405 7.414 
25 .00 13 .70 11.95 9 .384 
40.00 17 . 02 14.87 11.63 
100.0 26 .7 -, 23 .0( 17.73 
150.0 32 . 54 27 .97 21 .40 
200.0 37. 37 32.07 24.45 
300 .0 45.42 38.88 29 .48 
425.0 53.68 45.86 34 •. 61 
750.0 70.49 0{).00 44.93 






























32 . 62 
37.02 
Table 4-7 
RD -1 Values for Selected PD 1 Ratios at 
Various TD - Constant Rate Case 
PD': . 20 IPD': . 30 po•·:..4o PD 1': .50 
.0454 .0356 .0280 .0219 
.0639 .0501 .0395 .0308 
.0779 .0611 .0483 .0375 
.0899 .0704 .0555 .0433 
.1097 .0859 .0677 .0528 
.1408 .1102 .0869 .0677 
•. 1951 .1529 .1208 .0943 
.2736 .2132 .1675 .1306 
.3339 .2587 .2031 .1577 
.4262 . 3307 .2579 .1998 
. 5861 .4564 .3561 .2741 
.7074 .5475 .4281 .3292 
.8331 .6398 .4987 .3839 
1.042 .8019 .61.93 .4755 
1.226 .9371 .7225 .5514 
1.467 1.116 ~8588 .6510 
1.741 1.317 1.005 .7606 
1.992 1.500 1.142 .86o2 
2.492 1.858 1.401 1.044 
3.355 2.471 1.836 1.352 
3.985 2.910 2.144 1.564 
4.944 3.561 2.593 1.868 
6.011 4.280 3.077 2.191 
8.754 6.065 4.247 2.944 
10.36 7.082 4.895 3.350 
11.66 7.897 5.407 3.665 
13.-76 9.194 6.208 4.150 
15.86 10.46 6.979 4.609 8.425 5.451 19.95 12.90 
22 .40 14.33 9.259 5.925 
90 
PD': .60 PD' ': .70 PD'i:: .80 PD'a .90 TD 
.0165 .0118 .0075 .0036 .0010 
.0233 .0167 .0107 .0051 .0020 
.0284 .0203 .ono .0063 .0030 
.0328 .0234 .0150 .0071 .0040 
.0399 .0285 .0183 .0087 .0060 
.0511 .0366 .0233 .0112 .0100 
.0714 .0510 .0327 .0159 .0200 
.0987 .0705 .0451 .0218 .0400 
.1191 .0850 .0543 .0262 .0600 
.1502 .1071 .o683 .0329 .1000 
.2053 .1455 .0925 .0444 .2000 
.2455 .1733 .1099 .0527 .3000 
.2855 .2010 .1270 .0606 .4250 
.3536 .2477 .1557 .0743 .7000 
.4096 .2860 .1784 .o845 1.000 
•. 4813 .3348 .2081 .0981 1.500 
.5577 .3873 .2394 .1121 2.200 
.6263 .4337 .2672 .1243 3.000 
.7575 .5189 .3178 .1463 5.000 
.96'64 .6527 .3956 .1794 10.00 
1.108 .7428 .4459 .2005 15.00 
1.309 .8671 .5133 .2286 25.00 
1.515 .9904 .5800 .2560 4o.oo 
1.984 1.265 .7230 .3121 100.0 
2.229 1.404 .7931 .3388 150.0 
2.416 l.So8 .8449 .3580 200.0 
2.699 1.663 .9203 .3856 300.0 
2.962 1.804 .9879 .~98 425.0 
3.433 2.052 1.103 .4501 750.0 2.186 1.164 .4711 1000.• 3.693 
91 
Table 4-8 
Comparison of (RD-1) Values 
Program No. Percent 
TD PD' 2 2A Difference 
.003 .01 .1740 .1738 .12 
.003 . 2 0 .0779 .0777 .26 
.003 .80 .0130 .0129 .78 
.006 .01 .2452 .2445 .29 
.006 .20 .1097 .1091 .55 
.006 .80 .0183 .0180 1.70 
.425 .60 1.28552 1.28552 0.00 
.425 .so 1.38391 1. 38391 0.00 
.70 .60 1.3546 1.3536 .074 
.70 .50 1.4752 1.4755 .020 
1.50 .60 1.4825 1.4813 .081 
1.50 .50 1.6578 1.6510 .412 
3.0 .01 5.1265 5.0249 2.0 
3.0 . 2 0 2.0042 1.9924 .54 
3. 0 .80 .2687 .2672 . 58 
6. 0 .01 6.9536 6.9702 . 2 7 
6.0 .20 2.7000 2.6926 .26 
6.0 .80 .3412 .3373 1.2 
10.0 . 6 0 1.9689 1.9664 .13 
10.0 .50 2.3554 2.3522 .14 
75.0 .01 23.2481 22.5527 
3.1 
75.0 .20 7.8149 7.7876 
.35 
75.0 . 80 .6827 .6766 
. 9 0 
100.0 .01 26.9689 25.8340 
4.2 
100.0 .20 8.8018 8.7564 
.52 
100.0 .80 .7245 .7239 
. 0 8 
600.0 .01 63.3320 63.3320 
0.0 
600.0 .20 18.2315 18.2315 
o.o 
600.0 .80 1.0573 1.0573 
0.0 
4.4 Graphical (RD-1) Results 
Figure 4-1 is a log-log plot of CRD-1) vs. TD over the 
TD range of .001 to 100.0. The fractional dimensionless 
pr·essure, ?D', ranges fr·om .01 to .99. Figure 4-1 can be 
used to obtain RD directly if TD and PD' are known. In the 
same way, if TD and RD are available, then PD' can easily be 
found-from Figure 4-1. Finally, if PD' and RD are given, 
then TD can be obtained. 
In order to 1mprove the accuracy of the results when 
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PD' values othe~ than those given 1n Figure 4-1 are required, 
Figures 4-2 and 4-3 were prepared by cross-plotting Figure 
4-1. By using all three plots, any problem involving TD, RD, 
and PD' can b8 rapidly solved without interpolation between 
curves (See Inserts at back). 
Some qualitative aspects of Figure 4-1 should be 
mentioned. The reason for plotting the difference (RD-1) 
versus TD in Figure 4-1 rather than RD versus TD was that by 
subtracting 1.0 from each RD ratio the log-log plot became 
essentially a family of straight parallel lines. 
As shown in Figure 4-1, the deviation from a true 
straight line begins at a PD' value of about .20 and 
gradually increases as PD' increases. Even at PD' = . 99 , 
however, the deviation from a straight line is small enough 
to allow a fit-factor to force the data to become a straight 
line if so desired. This technique would allow straight line 
equations to be obtained for the entire family of PD' curves. 
The accuracy of the three separate routines used to 





FIGURE 4 _2 
PD'vs· RD-1·0-




FOR VARIOUS RD -I 0 VALUES 
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that there is no discontinuity of the PD' curves at TD = .01 
and TD = 100. This also indicates that the gradual changing 
of the PD' lines to curves as PD' and TD increase is the 
result of physical phenomena rather than program inaccuracy. 
Since the pressure distribution at some distance away 
from the oil-field boundary (RD = 1.0) would be appr6~imately 
logarithmic (See Muskat, page 543), the small PD' values 
should glve straight lines on a log-log plot. Small PD' 
values indicate that RD is far enough away from 1.0 so that 
only a small fraction of the pressure-drop at the inner 
boundary occurs at any given dimensionless time, TD. On the 
other hand, as PD' increases, RD decreases and the pressure 
distribution gradually becomes linear close to the lnner 
boundary. This results in the gradual curvature of the PD' 
curves at TD values above 10. The logarithmic variation of 
pressure can also be noted from the spacing of the 15 PD' 
curves. The distance between any two successive PD' 
curves increases logarithmically as PD' increases. 
The variation of fractional pressure-drop, PD', with the 
radius ratio RD can be seen from Figure 4-2. For any fixed 
dimensionless time the PD' curve consists of three regions. 
First there is a region of very high fractional pressure-
drop i~nediately surrounding the inner boundary CRD = 1). 
The exact PD' experienced depends upon the value of TD or, 
since all the other factors in the definition of TD are 
constant, upon the producing time t. Regardless of the TD 
value chosen a very h:igh fractional pressure-drop C • 9 5 ~PD') 
is experienced within a short distance of the inner boundary. 
This region of high pressure-drop surrounding an oil field 
is equivalent to the zone of high pressure-drop immediately 
surrounding an oil well. 
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In the second region the fractional pressure-drop under-
goes the major part of its decline from PD:.9s to PD2.01 
and RD increases by a factor of more than 10. 
Since Figu~e 4-2 is for an infinite aquifer, a PD' of 
0.0 will never be reached and RD increases rapidly in the 
third region as PD' becomes less than .01. It is due to this 
slow change in PD' in the third region that PD' = .01 is 
considered to be the effective radius of drainage for the 
infinite radial aquifer. Figure 4-2 allows the fractional 
pressure-drop PD' at any producing time t to be traced as 
RD increases. 
Figure 4-3 shows that the fractional pressure-drop PD' 
at any radius RD in the aquifer increases very slowly as 
the oil field is first produced, then increases fairly 
rapidly as the time of production increases, and finally 
requires a very long producing time in order to increase 
above . 9 5. By using Figure 4-3, the fractional pressure-drop 
at any radius ratio RD can be traced as the producing time 
increases. 
4.5 Effective Radius of Drainage Equation 
Figure 4-l gives the variation of (RD-1) with TD for 
any fractional pressure-drop PD'. PD' was formed in this 
study so the fractional pressure change in the aquifer could 
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be evaluated. For the constant terminal rate case, PD(RD,TD) 




qll ' (4-1) 
while, for the constant terminal pressure case it is a true 
fractional pressure: 
PD(RD,TD) = (4-2) 
Equation 4-1 can be transformed into a fractional pressure-
drop by dividing it by the dimensionless pressure PD(l,TD) 
at the inner boundary RD = 1 at the same TD. 
PD' 
::?rrKH(pi-p)/qll 
= 2rrKH(pi-pb)/qll = I ( 4-3) 
The effective radius of drainage for an infinite radial 
aquifer was assumed to be the dimensionless radius RD where 
the fractional pressure-drop experienced was 1% of the 
pressure-drop at the inner boundary (RD = 1). Thus at the 
radius of drainage: 
PD' = .01 (4-4) 
Figure 4-1 shows that for PD' = .01, the variation of 
(RD-1) with TD is a straight line on log-log paper. A 
straight line on log-log paper has an equation of the form: 
99 
Y = A(X)N (4-5) 
By_least-squares fitting of 30 data points taken from the 
PD' = .01 line in Figure 4-1, an equation for the effective 
drainage radius was obtained. This equation is: 
RD = 2 • 915 ( TD) . 4 8 2 41 + 1. 0 
Equation 4-6 has been developed especially for the 
infinite radial aquifer subject to a constant producing 
rate and therefore avoids selecting one of the several 
(4-6) 
equations already present in the petroleum literature, none 
of which were specifically derived for an infinite radial 
system. 
The RD values generated by the lea.st-squares fit of the 
data for PD' = .01 had an average deviation of 1.4%. The 
use of Equation (4-6) to calculate RD ratios at 30 TD va]ues 
not used in the least-squares fitting resulted in an average 
deviation of .547% between the RD ratios obtained from 
Equation (4-6) and those actually generated by Program No. 2. 
'!'he complete results of this comparison are given in Table 
4-9. 
Table 4-9 
COMPARISON OF RD RATIOS CALCULATED FROM EQUATION (4-6) AND 



































































































































4.6 Comp<?-rison of Various R~dius of Drainage Equations 
Table 4-10 gives the value of the radius of drainage 
obtained by the use of Equation 4-6 and the drainage radii 
resul·ting from the solution of each of the expressions 
previously available in the petroleum literature (See Table 
2-7). As TD increases, the difference between the radius 
obtained by Equation (4-6) and the radii given by the other 
expresslons becomes significant. The Hurst, Haynie, and 
Walker equation given as Equation (4-7) gives results closest 
to those obtained from Equation (4-6). This is as expected 
since the Hurst, Haynie, and Walker equation was developed 
by obtaining a relationship between the radii at which the 
PD(l,TD) curves for a series of finite systems start to 
deviate from the PD(l,TD) curve for an infinite system. 
This approach allowed a relationship to be obtained between 
TD and the radii of the individual finite systems. Equation 
(4-7) was developed by graphically determining the point of 
separation of the finite system curves from the infinite 
system PD(l,TD) curve. Because of this graphical evaluation, 
the Hurst, Haynie, Walker equation is not as accurate for an 
infinite system as Equation (4-6). 
r ~ 2.6408/Kt/~~c (4-7) 
H ~ Ha,Jrnl·e, and Walker also gave the stabilization time as: 





















































































































































Equation (4-6) can be reduced to the form of Equation (4-7) 
lS approx1mately equal by ass •..1ming i:hai: rb -+0 and that . 4 8 241 · · 
to .5000 (See Appendix B, page 245). If these modifications 
are made Equations (4-9) and (4-10) are obtained: 
Radius of Drainage 
in C.G.S. Units 
Stabilization Time 
in C.G.S. Units 





( 4-9 )_ 
(4-10) 
As mentioned above, Equations (4-9) and (4-10) also show 
that the equation developed in this study (Equation (4-6)) 
is closer to the Hurst, Haynie, Walker equation than to 
any of the other equations presented by Van Poolen in Table 
2-7. 
Definition of terms in Table 4-10 are: 
PEJR = p . E. Jones 
TGPR = Tel<, Grove, and Poettmann 
MCVPR = Muskat, Chatas, and Van Poolen 
HUTKR = Hutchinson and Kern 
HHWR = Hurst, Haynie, 
and Walker 
BKMDHR = Brownscombe and Kern 
AJNR = Nute 
4.7 On-Line Mapping Technique 
Of the rnapping routine included in The development · 
the areal distribution of aquifer Program No. 3 allows 
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pressure to be examined quickly and accurately. The use of 
this routine, in conjunction with the basic program to 
generate areal pressure distribution eliminates the tedious 
and often inaccurate hand-contouring of aquifer pressure 
data. The technique developed in this study allows a 
graphical representation of the areal pressure or pressure-
drop distribution to be produced directly on the I.B.M. 360/50 
on-line printer. The map produced is attached to the computer 
print-out and is designed to fill exactly two pages of print-
out space. Furthermore, the routine is designed so that the 
map divides evenly between the two pages of output and this 
results in one-half of the grid appearing on each of the 
two output pages. 
As can be seen of Figures 4-4 and 4-5, every other 
pressure contour is represented by a distinctive letter or 
character. Between each distinctive contour there is a 
blank contour. This alternating printed and blank contouring 
produces an easily interpreted map. 
This mapping routine is designed to produce 53 contours 
above and 53 contours below the reference pressure with each 
letter or character having the value given in Table 4-11. 
If the number of contours required either above or 
below the reference pressure exceeds the number of symbols 
available as shown in Table 4-11, then the routine picks up 
its own symbols. After printing the blank following either 
the z (plus pressures) or the I (negative pressures) the 
program.prints a* contour as as unreferenced contour and 
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F IG't.JRE 4-5 
CONrrou:t-t I:!A.P OF !~ PRESSUP.E-DROP 




INTERPH.ETATION OF LETTERS AND SYMBOLS PRINTED 
AS CONTOURS ON THE Ml\PS PRODUCED 
# of C. I. # of C. I. 
SYMBOLS ABOVE REF. SYMBOL BELOW REF. 
-------
blank 53 blank - 53 
z 52 I - 52 
blank 51 blank - 51 
y 50 < - 50 
blank 49 blank - 49 
X 48 a - 48 
blank 47 blank - 47 
w 46 % - 46 
blank 45 blank - 45 
v 44 " - 44 
blank 43 blank - 43 
u 42 ..,~P:a ~.all'"' - 42 
blank 41 blank - 41 
T 40 - 40 
blank 39 blank - 39 
s 38 & - 38 
blank 37 blank - 37 
R 36 ¢ - 36 
blank 35 blank - 35 
Q 34 = - 34 
blank 33 blank - 33 
p 32 + - 32 
blank 31 blank - 31 
0 30 - 30 
' blank 29 blank - 29 
N 28 - 28 
blank 27 bl.ank - 27 
M 26 - 26 
bla.nk 25 blank - 25 
L 24 ;•: - 24 
blank 23 blank 23 
K 22 $ - 22 
blank 21 blank - 21 
J 20 0 - 20 
blank 19 blank - 19 
I 18 9 - 18 
blank 17 blank - 17 
16 8 - 16 H 15 blank: 15 blank -
14 7 - ll! G 
13 blank - 13 blank 
12 6 - 12 F 
11 blank - 11 blank 
10 5 - 10 E 9 
blank 9 blank 
8 4 8 D 
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Table 4-11 Continued 
# of c.r. # of C. I. 
SYMBOLS ABOVE REF. SYMBOL BELOW REF. 
blank 7 blank 7 
c 6 3 6 
blank 5 blank 5 
B 4 2 4 
blank 3 blank 3 
A 2 1 2 
blank 1 blank 1 
? 0 ? 0 
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then starts with the blank preceeding either the 1 or the A. 
Due to this feature a map will be produced regardless of the 
contour interval selected but the symbols printed may not 
always have the meaning shown in Table 4-11. 
As an example, permit a minimum pressure-drop to be 
52 psi. and the maximum pressure-drop to be mapped to be 
76 psi. Then, given a reference pressure-drop of 0 psi. 
and a contour interval of 1 psi., the routine would produce 
the following symbols on the map. 
1. Print a Z contour (52 psi.) 
2. Print a blank contour (53 psi.) 
Having done 1 and 2, there are now no more positive symbols 
available so the routine would: 
3. Print a# contour (54 psi.) 
4. Print a* contour (55 psi.) 
It then would skip to the negative symbols and: 
5 . Print a blank contour (56 psi.) 
6 • Print a 1 contour (57 psi.) 
7. Continue printing the negative symbols until the 
blank following 0 (76 psi.) is printed. 
Of a Procedure would be followed if the The same type 
pressures were -52 psl. to -76 psl. 
1. 
2 • 
Print a I contour (-52 psi.) 
Print a blank contour (-53 psi.) 
3 . Print a # contour (-54 psi.) 
4 . Print a * contour (-55 psi.) 
5 . Print a blank contour (-56 psi.) 
6 . Print an A contour (-57 psi.) 
7. Continue printing positive symbols until the 
blank following J (-76 psi.) is printed. 
If the contour interval is properly chosen, however, 
there is no reason for the routine to print symbols in a 
fashion other than that given in Table 4-11. It must be 
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remembered that 53 contours are available only if the first 
pressure-drop value printed is one interval above or below 
the reference pressure-drop. If the first pressure to be 
printed is 23 times the contour interval, then only 30 symbols 
remain before the symbols printed no longer have the meanings 
listed in Table 4-11. 
An easy way to check the symbol meaning when both 
positive and negative symbols appear on a map is to use the 
plastic grid overlay and to check the varlous symbols against 
the numerical print-out pressure-drop values at the different 
grid points. 
The key to the mapplng routine is a special grid which 
allows the pressures to be calculated at 225 specific points 
in the aquifer. This grid lS shown in Figure 4-6. Any 
point in the grid is referred to the point (0,0) in the upper 
left-hand corner of the grid. Rectangular coordinates of 
pressure locations can be readily converted into radial 
distances from well-field centers located either inside or 
FIGURE 4-6 
MAPPING GRID USED IN PROGRAM NO. 3 
,-






outside the grid itself. 
Radial distances from the well-field centers can then 
be converted into dimensionless radii, RD. Once the required 
aquifer parameters, the producing time, and the constant 
producing rate have all been specified, the pressure or 
pressure-drop can easily be evaluated at each RD by means of 
a routine similar to Program No. 1. This routine calculates 
PD(RD,TD) at any RD and TD. PD(RD,TD) is then converted to 
real pressure or pressure-drop by means of the definition 
of PD(RD,TD) for the constant rate case (See Equation (18-9), 
page 226). 
The pressure values are calculated at all 225 grid 
locations for each well-field producing from the aquifer. 
These individual field pressures are then superimposed to 
give the total interference pressure resulting from all the 
well-fields producing together in the aquifer . 
• • • P (r,t ) 
n n 
(4-11) 
Once the 225 grid pressures have been calculated, then 
the actual mapping routine uses these 225 values to linearly 
interpolate 12769 pressures for printing purposes. These 
12769 pressures are printed in the locations in the aquifer 
section at which they actually occur. 
for the numerical print-out of individual well-field 
,1 alues, the grid points are numbered consectively pressure 
from 1 to 225. Grid location (0,0) is labelled point land 
(0,14) becomes point 15. Numbering in this manner results 
in point (14,0) becoming 211, while (14,14) becomes point 
225. 
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Because of the. difference in the horizontal and vertical 
character spacing for the I.B.M. 360/50 software, the square 
grid section is distorted into a rectangular section. This 
causes circular contours to appear in the maps as ellipses. 
This program is designed so that the contour interval 
and reference pressure can be varied for each map produced. 
Maps of the pressure distribution resulting from each indi-
vidual well-field producing alone in the aquifer can be 
produced as well as a map of the pressure distribution re-
sulting from all the well-fields interfering. 
The mapping routine itself is quite versatile and can 
be separated if desired from the problem investigated and 
used alone for mapping any parameter. The 225 values to be 
mapped can be read in as data or generated internally by a 
computer routine. 
For rapid analysis of the maps produced, a plastic 
grid-overlay (See Insert No. 1) can be used. This overlay 
contains the well-field locations and the various grid 
lines and allows rapid visualization of the pressures at 
various points in the aquifer section without additional 
detail being added which would make the maps themselves 
more difficult to interpret. 
The application of the mapping routine is discussed 
in Section 5.5 for a typical field problem. 
CHAPTER 5 
APPLICATION OF RESULTS 
5.1 Use of Tables to Check Their Accuracy 
Problem: Given a dimensionless time of .10 and a 
fractional dimensionless pressure, PD' 
of .SO, use Table 4-1 and Table 4-7 to 
check their accuracy. 
1. ) From 
2 • ) From 
3 • ) From 
4. ) Thus: 
Table 4-1, for RD = 
PD(1,TD) = .3142 
Table 4-7, for TD = 
RD - 1.0 = .199 8 
RD = 1.1998 
RD = 1.20 
Table 4-1, for RD = 
PD(l.2,.10) = .1556 
PD' = PD ( 1. 2 , .1 0) = PD(l.O, .10) 
PD' = .495 
1.0 and TD = .10: 
.10 and PD' = . 50 : 
1.2 and TD = .10: 
.495 .1556 = 
.3142 
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5.) Comparing the calculated PD' of .495 to the g1ven 
PD' of .500 results in an error of only .005 in 
the value of the fractional dimensionless pres-
sure. This error would be insignificant when 
us 1ng Tables 4-1 and 4-7 to solve practical field 
problems. 
5.2 Use of the Tables to Plot Curves Not Given in the 
Work Plots 
Problem: Using Table 4-1 establish a (RD-1) curve of 
.10. 
1.) From Table 4-1, letting RD = 1.1 
RD - 1.0 = .10 
then if TD = 1000: PD(l.l,lOOO) = 3.767 
and TD = 1000: PD(l.O,lOOO) = 3.859 
thus: PD' = 3.767/3.859 = .975 
Point 1. PD' = .975 
2.) By the same procedure: 
3.) Also: 
TD = 100: 
TD = 100: 
PD(l.l,100) = 2.6~7 
PD(l.O,lOO) = 2.723 
then: PD' = .965 
Point 2. PD' = .965 
TD = 1.0: PD(1.1,1.0) = .7084 
TD = 1.0: PD(1.0,1.0) = .8021 
so : PD ' = • 8 8 3 
Point 3. PD' = .883 
4.) Points 1, 2, and 3 are then plotted on Insert 9 
(as shown). If more points were obtained by 
choosing other TD values when RD = 1.1, then the 
(RD-1) = .10 curve could be drawn as shown in 
Insert 9. 
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5.) In order to check the accuracy of the new curve 
plotted one more intermediate point on the curve is 
calculated. 
TD = 10: 
TD = 10: 
PD(l.l,lO) = 1.556 
PD(l.O,lO) = 1.651 
thus: PD' = .943 
Point 4. PD' = .943 and from Insert 9 at 
TD = 10 it can be seen 
that PD' = .943 
5.3 Use of the Work Plots to Calculate PD' ,(RD-1), and 
TD If Any Two of These Parameters are Given and the 
Third Is Desired 
Problem: Find the dimensionless radius ratio, RD, 
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at which there is a fractional dimensionless 
pressure-drop, PD', of .53 when the dimen-
sionless time, TD, is .153. 
The value of (RD-1) can be estimated from any of the three 
work plots, but it is desired to show here a method which 
will allow the answer to be obtained without guessing. 
1.) Go to Insert 8 (Figure 4-2) and find (RD-1) 
values for at least 1 TD value on either side of 




(RD-1) = .185 @ TD = .10 
(RD-1) = .295 @ TD = .30 
( RD-1) = . 4 9 0 @ TD = 1 . 0 
The above points are shown on Insert 8. 
2.) Using the three sets of (RD-1) and TD values from 
step 1, plot a PD' = .53 curve on Insert 7 (Figure 4-1). 
3.) Find the value of (RD-1) when TD = .153 by using 
the new PD' = .53 curve plotted 1n Step 2. 
(RD-1) = .223 (PD' = .53 & TD = .153) Point X 
4.) Add 1.0 to the (RD-1) value obtained to get RD. 
R:O = 1.223 
Problem 5.32: Find the dimensionless time, TD, at 
which the fractional dimensionless 
pressure-drop, PD' = .232 at a RD 
value of 1. 57. 
1.) Go to Insert 9 and find TD values for at least 1 
(RD-1) value on either side of (RD-1) = .57 for 
PD' =-· • 2 3 2 . 
Point K TD = .103 @ (RD-1) = .40 
Point L TD = .183 @ (RD-1) = .50 
Point M TD = . 3 55 @ (RD-1) = .70 
Point N TD = .790 @ (RD-1) = 1.0 
The above points a.re shown on Insert 9 . 
2.) Using the four sets of TD and (RD-1) values from 
Step 1, plot a PD' = .232 curve on Insert 7 . 
3.) Find the value of TD when (RD-1) = .57 by using 
the new PD' = .232 curve plotted in Step 2. 
TD = . 2 30 (PD' = .232 & (RD-1) = .57) 
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Problem 5.33: Find the fractional dimensionless 
pressure, PD' at a radius ratio, RD = 27 
when TD = 350. 
1.) Go to Insert 7 and find PD' values for at least 
2 • ) 
3. ) 
1 TD value on either side of TD = 350 for (RD-1) = 
26. 
Point D PD' = .01 @ TD = 93 
Point E PD' = .02 @ TD = 130 
Point F PD' = .05 @ TD = 230 
Point G PD' = .1 0 @ TD = 440 
The above points are shown on Insert 7 . 
Using the four sets of TD and PD' values from 
Step 1' plot a CRD-1) = 26 curve on Insert 9 . 
Find the value of PD' when TD = 350 by using the 
new (RD-1) = 26 curve plotted ln Step 2 . 
PD' = . 0 8 
Thus by uslng the techniques shown in Problems 5.31, 5.32, 
and 5.33 it is possible to solve any field problem involving 
the fractional dimensionless pressure-drop, PD', the dimen-
sionless time, TD, and the dimensionless radius ratio, RD. 
Furthermor'e, it has been shown that the solutions to these 
problems can be obtained without inaccurate estimation or 
interpolation. 
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5.4 Calculation of an Effective Drainage Radius 
in 
RD 
Problem: An observation well is located in an infinite 
radial aquifer 3.57 miles from a new municipal 
well-field which is starting production. If 
the new field pumps 5000 bbls/day, when will 
the observation well be included in the well-
field's drainage radius? Also, find the 
radius of drainage after two months of con-
stant production. 
Aquifer Data: 
Porosity - 15% 
Permeability - 200 md. 
-6 Compressibility of the water - 5 x 10 vol/ 
vol/psi. 
Viscosity of water - 1 cp. 
Well-field Data: 
Field radius - 528 ft. 
Starting with the radius of drainage equation developed 
this study, the dimensionless time TD is calculated. 
= 2.915 (TD)" 48241 + 1.0 
RD- 1.0 = (TD)"48241 
2.915 




= -:-ro = 35.7 
thus: 
34.7/2.915 = ( TD ) . 4 8 2 41 
TD :: 170 
F . 4.-l, TD lS 170) at (Also from 1gure ~ 
(RD-1) of 34.7 
The surface area of the well-field 1s: 
Area = 640 2 (rw) (3.14) 
A 
- 640( .10) 2 (3.14) 
A = 20.1 acres 
TD = 170 Kt(4.56 X 10-
7 ) 




170(.15)(1.0)(20.1)(5 X 10-6 ) 
200(4.56 X 10- 7 ) 
t = 2 8.1 days 
Thus the observation well will be inside the effective 
drainage area of the well-field at the ends of 28.1 days, 
regardless of the pumping rate. 
At the end of two months production: 
TD 
200(61)(4.56 X 10-7 ) 
= (.15)(1.0)(20.1)(5 X 10 6 ) 
TD = 369 
then going to the drainage equation: 
RD = 2.915 (369)' 48241 + 1.0 
RD = 2.915(17.3) + 1.0 
RD = 51.4 
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then since RD = r/r : 
w 
r = RD(rw) = 51.4(.10) = 5.14 miles 
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The radius of drainage at the end of two months will be 5.14 
miles away from the center of the well-field. 
5.5 On-line M~ping of Interference Pressure-Drop 1n a 
:Radial Aquifer 
Problem: Map the areal pressure-drop distribution in 
an extensive aqUifer containing 2-municipal 
well-fields and one waste-disposal well-
field. The following information is avail-
able for the system. 
Aouifer Data: 
Shape - Radial 
Radius - 200 miles 
Permeability - 200 md. 
Porosity - 10% 
Thickness - 90 ft. 
Viscosity of water - 1 cp. 
-6 . Compressibility of water - 5 X 10 vol/vol/ps1 
Depth of aquifer - 800 ft. 
Well-field Information: 
Field No. 1 - Waste Disposal 
Location - 6 . 5 mi. south of Point 
3. 5 mi. east of Point 
Field Radius - .75 m1. 
Injection Rate - 2500 bbls/day 
Injection Period - 1000 days 
Field No. 2 - Municipal Supply 
A 
A 
· 7 0 m1 south of Point A Locat1on - · 
- 7.0 mi east of Point A 
Field Radius - 1 m1. 
Producing Rate - 5000 bbls/day 
Producing Period - 2000 days 
Field No. 3 - Municipal Supply 
Location - 11.0 m1. south of Point A 
1.5 mi. east of Point A 
Field Radius - 1.5 mi. 
Producing Rate - 7500 bbls/day 
Producing Period - 4000 days 
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Point A is taken as grid location (0,0) and the data is 
read into Program No. 3 as described in Section 6.63, page 
18 8. Inserts 2 through 6 are the maps of the aquifer pres-
sure-drop distribution produced for this problem. The values 
of the individual contours can be determined either from Table 
4-11 or from the overlay in conjunction with the print-out 
of the pressure-drops occurring at the various grid points 
(See Tables 5-l to 5-4). 
As can be seen from Inserts 2 and 3, the proper choice 
of contour interval can greatly improve the ease of map 
interpretation. Insert 2 was produced with a contour inter-
val of 5 psi. and the areal pressure-drop distribution can 
be readily visualized. Insert 3, which is also a map of the 
total pressure-drop, used a 1 psi. contour interval. This 
insert, while serving to point out the detailed pressure-drop 
distribution, has become somewhat harder to rapidly examine 
for over-all distribution. 
This example, while not an actual field problem, is 
presented in order to demonstrate the type of results obtained 
for the solution of a typical aquifer mapping problem. The 
problem presented here is concerned with water supply 
reservoirs rather than producing oil fields but the mapping 
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occurs ln the same manner for both types of problems. 
In order to verify the correctness of the maps produced 
the total pressure-drop at one grid point is calculated by 
slide rule in the following manner. 
At grid-point (4,6) (point 80 is the individual well-
field print-outs) the total pressure-drop is the sum of the 
pressure-drops resulting from the three well-fields produc-
ing alone in the aquifer. These individual pressure-drops 
are: 
A. Pressure-drop resul~ing from Field 1 injecting 
alone in the aquifer. 
well-field area= 3.14(.75) 2 (640) = 1130 acres 
= Kt/<j>llcA 4.56 X 10-
7 (1000)(200) 
TD = 
.10(.30)(5 X 10-6 )(1130) 
TD1 = 537. 
887.6(.30)(-2500) 
Pl(r,t) = 6.28(200)(90) PD(RD,TD) 
The radial distance from point (4,6) to the location of the 
center of well-field 1 at (3.5, 6.5) is: 
= SQRT ((4.0 - 3.5) 2 + (6.0 - 6.5) 2 ) 
r = • 70 7 m1. 
1 
f . ld 1 · 75 mi therefore: The radius of well- 1e lS · ·' 
RD = • 7 0 7 I . 7 5 = • 9 4 4 
80 t lie inside the boundary of well-Since RD<l.O, point mus 
field 1 and therefore it is assumed to have th~ same pressure-
drop as exists at RD = 1.0. 
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By means of Table 4-1 the value of dimensionless pressure, 
PD(l,537) is found by interpolation: 
thus: 
PD(l,537) = 3.548 
= ~887.6)(.30)(-2500)(3.548) 
6.28(200)(90) 
P1 Cr,t) = -20.9 psi. (Computer result= -18.5 psi.) 
B. Pressure-drop resulting from well-field 2 producing 
alone from the aquifer. 
well-field area = 3.14(1) 2 (640) = 2010 acres 
TD/$pcA = 4.56 X 10-
7 (200)(2000) 
= 605 
.10(.30)(5 X 10-6 )(2010) 
TD2 = 605 
The radial distance between point (4,6) and the location of 
the center of well-field 2 at (7.0, 7.0) is: 
= SQRT ((7.0 - 4.0) 2 + (7.0 - 6.0) 2 ) 
r 2 = 3.16 mi. 
The radius of well-field 2 is 1.0 mile, therefore: 
RD = 3.16 
From Table 4-1, PD(3.16, 605) is found by double interpola-
tion between TD rows and between RD columns as: 




P 2 (r,t) = 29.0 psi. (Computer result= 27.4 psi.) 
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C. Pressure-drop resulting from well-field 3 producing 
alone in the aquifer. 
well-field area = 3.14(1.5) 2 (640) = 4525 acres 
4.56 X 10- 7 (200)(4000) TD 3 = kt/ <PJ..lcA = (.10)(.30)(5 X 10-6 )(4525) 
TD3 = 537 
The radial distance between point (4,6) and the location of 
well-field's 3 center at (11.0, 1.5) is: 
r 3 = SQRT ((4. - 11.) 2 + (6. - 1.5) 2 ) 
r 3 = 8.32 mi. 
The radius of well-field 3 is 1.5 mi., therefore: 
RD 3 = 5.55 
From Table 4-2, PD(5.55, 537) is found by double interpola-
tion to be: 
thus: 
PD(5.55, 537) = 1.851 
887.6(.30)(7500)(1.851) 
6.28(200)(90) 
P3(r,t) = 32.8 psi. (Computer result= 36.8 psi.) 
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Therefore, the total pressure-drop experienced when all 
3 well-fields interfere is: 
PT(r,t) = P1 (r,t) + P 2(r,t) + p 3 (r,t) 
PT(r,t) = -20.9 + 29.0 + 32.8 
PT(r,t) = 50.9 psi. (Computer result= 45.5 psi.) 
Using the plastic overlay on the map of total pressure-drop 
contoured at 1 psi. intervals (Insert 3) it is found that 
the pressure-drop at point (4,6) is represented on the map 
as a (W). A (W) indicates (by referring to Table 4-11) 
that the pressure-drop at point (4,6) is 46 contour inter-
vals above the reference pressure-drop which in this case is 
0 psi. The symbol (W) produced on the map is therefore the 
proper symbol to represent the actual pressure-drop of 45.5 
psi. 
The values of the pressure-drop calculated in this 
example differ slightly from those calculated by the computer 





CHANGE AT VARIOUS GRID-POINTS RESULTING FROM 3 FIELDS 
.. -·-···-. __ X-C DOD •---- ·-------·-·-···-- -·----X:::-CODD_. _______________ flRESSUR E .. CHANGE ....... _____ ···---
0.0 o.o 33.7113 
1.00CO 0.0 34.3227 
----·-----2 •. 00-C C 0 .. D- 3't-..B6 3.6-----------·---
3.0000 o.o 35.3316 
4.00CO 0.0 35.7107 
s.oooo o.o 35.9662 
- .... 6.00CO. __________________ 0 .. 0--------·--·---------36 .• 0501. _________ ··-·· 
7.0000 o.o 35.9167 
8.0000 o.o 35.5411 
9.00(0 o.o 34.9288 
___________ __t_Q.QO.C · _o_.n. 34~Ll22-----··----- __ 
11.0000 o.o 33.1387 
12.0000 o.o 32.0579 
13.0000 o.o 30.9137 
- - -- -- .14 • c 0_00 -- -----------·-·--0 •. 0 - --------- ·-·-- --- ____ 29 .• 7 4 0 4 ... --- ----------- --- ----
0.0 1.0000 35.4118 
1.0000 1.0000 36.0~78 
2.0000 1.0000 36.7005 
_________________ .3 • .0nc.o_________ 1. oc.Qo_. ________ --.3.7 .. z 632 _________________ _ 
4.COCO 1.0000 37.7657 
5.COGO 1.0000 38.1573 
6.0000 1.0000 38.3523 
_______ 7. coco__ _ ________ . _______ L. oooo . _________________ 38. 261t5 _________ _ 
8.0000 1.0000 37.8471 
9.0000 1.0000 37.1115 
lO.OOCO 1.0000 36.1163 
_______________ ..11 .• O.GCO. 1. 00.0_1) __________ 34 •. 939J3 _________________ _ 
12.0000 1.0000 33.6554 
13.0000 1.0000 32.3213 
14.0000 1.0000 30.q781 0. C _________________ 2_ .. OO_QO _____________________ .37 .2044_. 
1.0000 2.0000 37.0281 
z.ooco 2.0000 38.5953 
3.0000 2.0000 39.25Ql . 
--·-··--·-- _____ !':t .. .COQQ_________ .2.-0DO.Q_ 39... <?.3.1_0 _____________ _ 
5.0000 2.00JO 40.5564 
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6.0000 2.0000 40.9564 
----------------~-: gg_gg ----- ~: gggg 48: 2~i ~ 
· 9. oouo -2-.-om:r-o 39-~--~n;-s--7·----------
1o.oooo 2.oooo 38.3127 
i~:g828 - --------------------~-:_8888 ___ . ~~:~ii~ 1 3. ooc a 2. oooo -----~·------~---3-·r:7·4-7 3--- - -----------------· 
14.0000 2.0000 32.2084 
o.o 3.0000 39.1101 
__________ l!! o oro _____________________ 3_.-__ o_Q_o_Q__ 39 • s 3 9 9.;,-----
z. C•OCO 3. 0000 4cr.-5-6\Y2 
3.0000 3.0000 41.2358 
4.00CO 3.0000 42.1616 
5.0000 .. 3.0000 . 43.1846 6. coo'.:- ----- -------------3~-o-ooo-----------------------43 -.-9796- ---------- ----
7.ooco 3.000Q 44.1813 
s.ooco 3.0000 43.6123 
9.0000 3.0000 42.3728 
· --·-------·-ro-~ ouoo--·--- --3·-;-ooco----- -------z.o-;-7 rLt9 ------------------
li.oooc 3.oooo 38.8717 
12.0000 3.0000 36.9927 
13.0000 3.0000 35.1567 
· ··-------1 4 .-c:o ci o ------------------------------------ ---3-~·-oc o o·------- --- -~- ---------------- ---3·3 ·;3 996 _____ ----------- - - - --- ---
o.o 4.0000 41.1840 
l.COOO 4.0000 41.8477 
2.00CO 4.0000 42.3409 
------------- ·3-~-co o·o· ----z.-:-ou-cro·----------4-2 -.-..-r9 Z+l __________ ·-----·---
4.ooco 4.oooo 44.2545 
5.00(0 4.0000 46.0455 
6.00CO . 4.0000 . . 47.6433 7. G 0 co· --- ----- ----------------4-. 0 OOCi _____ -------------- - ---48 .-234:3 ------ - - - -· 
s.ooco 4.0000 47.4419 
9.0000 4.0000 45.6001 ------------lY-:&8-~8------------~: 88-8-8---------------~-6-;--~ii~--------------------
12.ooco 4.oooo 38.6360 
13.COCO 4.0000 36.4957 
__ 16:-goco --------------------~-: gggg ---- --- ------- ---------f.i:-~~~g 
1.0000 5.0000 44.0Rl0 
2.00C0 S.OOOO 44.0A05 
------- -----------4 :-8-S-[,8------------------~-:- 88-88-------------------4~l~~~ --- ------ ----- --·--
5.oooJ 5.oooo 49.1070 6.6oco 5.oooo ~2.3931 ~:f3F8 --- -------§:8888 ------- -------- ~~:~6~! 
q 0000 5.0000 49.2494 
to:ccco s.cooo 45.9310 
--- 11. co c_o ________________________ J.!_oocJcc·_oo______ _44_~_._81_734968 _______________ _ 
--- -----------12--o·oco =='• I ,.~. 
1j:ooco s.cgoc 37.6909 
14 oocn 5.CvOO 35.4838 ~:g0C~ ---t:-8886-- ---- ---------~~~:~f~~ 
2·cbco 6.oooo 46.1612 
3 : 0000 6.cooo 43.5833 4 • 0 0 C 0 ____________ !_l_!_C_QQ_0 ____________ 45_52 • 4 ~_73_62 _____ ---
·---------------5-~-0-on:r·---- 6. COL•O • 40 
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67 - 0000 c~00 · 6.oooo 58.8933 
• 6.0000 63.1433 
-------------.8 •. 0.000..-.----· ..6..-00.0..Q__ 1:: 0 ""7l'">8 5 9.0000 6. 0000 -JO.•-'~ . ------------
lO.COGO 6.0000 ~~=~g?~ 
ll.COCO 6.0000 44.5092 
--------------------12. coco .... ____________ 6. coon__ ~-, 36BO 13.00CO 6.0000 38:6579·-----------···------
14.0000 6.0000 36.2696 
o.o 7.0000 50.0648 
------·- -------1- • .co c. O- ----.J. •. oco O---·- so .. -952-0 ____________ _ 
2.00CC 7.0000 50.2645 
3.0000 7.0000 . 47.4608 
4.00CC . 7.0000 49.0880 
________ ----··-----·----5· co oo ________________________ 7 • .oooo ____________________ .56 •. 1396 _______________ _ 
6.00(0 7.0000 64.9124 
7.00CO 1.0000 64.696Q 
8.0000 1.0000 64.1281 
__________________ 9 •. o.oo.o. :z._o_oo.o___ 55. 2565 _____________ _ 
10.0000 7.0000 49.7202 
11.00CO 7.0000 45.5653 
12.0000 7.0000 42.1882 
__________________ 13 •. 000<: .. ___ 7 •. 0.00Q _______________ 39 • .3209. ----··-·----------
14.00CC 7.0000 36.8197 
o.o 8.0000 54.6414 
1.oooo a.oooo 56.5424 
-------·-----2 .. O.O.CO 8 • .QC.O.D 5.6 .. J25J __________ _ 
3.00(0 8.0000 55.7527 
4.oooo a.oooo 56.1805 
s.ooco 8.0000 59.0573 
___ -·----- ....... ___ ..... ______ ---· _ 6 • 0 o c cL _______________________ s • o o o o _____________________ 6 3 • so 3 1 _ _ ___ _ _ __ .... __ ... __ 
7.0000 8.0000 66.5675 
8.00(0 8.0000 61.4399 
9.0000 8.0000 55.0170 
-----·-------10. G.O.LO .. -.. 8 •. 00.00 !t9 •. 9.52.4----------·---- ___ _ 
11.0000 8.0000 45.QOOO 
12.0000 8.0000 42.5?84 
13.0000 ~.0000 39.6394 
---- -------16: go C 0 -----------------------~: gggg -- --------------- ------ ·i6: i~~~-- --- -- --- ·-·- · 
1.00CC 9.0000 64.0782 
z.ooco 9.0000 64.8144 
... 3.. c.o .c.o________ .. _c.oo_o_ ___________ .62 ... J..91.2-------------
4.coro 9.oooo 60.9494 
5.00(0 9.0000 60.5244 
6.COCO 9.0000 60.B938 
-·-------- ............ 7.00CO -----·-------------------9 .• 0000 ___________________ 60.3211 _____ ... ________ _ 
···e.coco 9.oooo 57.4278 
9 0000 9.0000 53.2894 
to·ooco 9.oooo 49.2156 
11• coco______________ 9 • ..o.o.on_ _____ . ______ .As • .s._a_7_8 _______ . _________ _ 
-----------·- -------- 12: ·o"o C:o 9. o o co 4 2. 4113 
13 COCO Q.OCCO 39.6158 14:ooco 9.oooo 37.1~19 
---- -·-- -·-·- - ---~·8e:.co -----------l-8-:-8-888---- -----------------------~8:r5~r -------------
2·c.oco to.oooo 71.0663 
3:oooo 1o.oooo 69.1752 4 ..c.o.co. .LQ •. O.O.Q.Q_ 64...fiL5..1-------
-s:ooco 1o.oooo 61.0399 
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6.CCGO 10.0000 59 1·331 
7.0000 10.0000 57:1R34 
_________ a,_co_o_e__ lOL..QQQO 54.s:;:4n1 
9. ooc o nr. oo-oo sr:-~3-0-o 
10.0000 10.0000 47.q?72 
11.COCO 10.0000 44.8293 
12. (' C· C 0 ________________________ l_O!'_OOOQ_____ 41 • 9 2 6 2 
---- 13~ COCO 10. COOtJ ------------39-~-29_6_2 ____ ---------·-----
14.0000 10.0000 36.9155 
o.c 11.0000 69.6801 
--------------~-:-§§f6 l-l-: 8-8-8-8 ~f-:-~-%-2-l------------
3.COCO 11.0000 72.4301 
4.00CO 11.0000 64.8533 
------- ---- ~-:-5888----------- -ll-!-gggg---------------·----~~-:--t~~·~------ -··--·------------
7.0000 11.0000 54.9210 
8.ooco 11.oooo 52.2765 
9.00CO 11.0000 49.4631 
---------------To·; o o·co-- ·rr ~-tm oo 46.--5 9 J 6-------
lt.coco 11.0000 43.8041 
12.COCO 11.0000 41.1757 
13.0000 . 11.0000 38.7384 
------14. no co·-------------- ---T1-~-oooo ----- --------------36.492 s -- --- ----- ----- -----
o.o 12.0000 66.4710 
l.OOCO 1?.0000 70.3811 
2.0000 1_2~000_0 71.1P.B4 
-------------3-:·t·OTTC)___ 12. OlJOO 6s·;q0'5'4 ___________ _ 
4.0000 12.0000 62.913A 
5.00(0 12.0000 58.7095 
6.00C·O _ . __________ 1t 2z.o0 g0oo0. ______________________ 55.5259 ---7.COCO ___ -- -- • ~ ·s2.B081 ___________ _ 
8.0000 12.0000 50.2301 
9.0000 12.0000 47.6638 ------------l~-;ggg§--------------1~: gggg ----~~-;-~~ ~1----------------
12.0000 12.0000 40.2416 
13.0000 12.0000 31.9988 
.. --- _16 • g Q (•C --- ------------- ------· -- --}~ :-8 g g g · ---- ---- -------- -- ~6: ~ ~ f 6 . ·-· ...... . . 
1:oooo 13.oooo 64.6422 
2 ooco 13.0000 65.3432 
_ 3_: oo_co______ 11~_! 0o0o_0o 0o _g29 ~7?c2~~------------------ __ ---·------------4~-ooco :>• ;J • - "-..r:J 
5 0000 13.0000 55.9570 
6·oocn 13.oooo 53.1372 ---~:gggg ------ ----------- --1~:8888 --- ----------~g=~gr~ --- ---- ---- -- -
9 ·oooo 13.oooo 45.8701 10: 0<)('0 13. 00!10 43.5 749 
11. o_o_oo ___________________ l.l33 __ ._cc_oo··o:J oo- _______________ 341!_ -:~,1_. 73 6 66-------- -----------------
---------------T2 -00 CO • · - 9. 9 
1 3 • ,~ 0 0 0 1 3 • 0 0 0 ,) 3 7 • 1 2 3 3 
14 .C.oco 13.oooo 35.1782 
- ~:goco ---------- -14:8888 --- ------ ----------§~:~~~~---·-··--------------· 
2 ·ooco 14.oooo 58.1681 
3 ·ooco 14.oooo 57.0852 4·oooo 14.ocoo 55.o6o5 _____ _ 
---------s-!-c-o-c-o-. -- r4-~·-o-a-:ro---- ·-5r.7-tJ07 ___ -
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-- -- ------- ~-------~------------------- -------------~ --- ---------------------~--------·---·-
6.0000 
7.C'OCO 
·-------- ---8. co c Q __ 
9.0000 1o.ooro 
1l.COCO 









-------~- _______ .J. 4 .. D 0 0 Q _______ _ 
14.0000 
14.0000 








_ ___ ___38. 027ft---------------
36.1473 
34.3513 
PRESSURE CHANGES AT VARIOUS GRID-POINTS CAUSED BY FIELD l 
P( 1 1)= -9.5300 
_______ eL __ 2_-lJ.==----~.e6.6_Q __ _ 
P( 3 1)= -10.1145 
P( 4 1)= -10.2475 
P( 5 1)= -10.2475 
... _p_( __ 6 .1)=_ -- _:-::l0.1145 _________________ ~--------------------------:__ ________ ---------------
P( 7 11= -9.8660 
P( 8 U= -9.5300 
P( 9 1)=" -9.1365 
_______ p_( __ __lC __ l_}_;::_ ___ _=:-_B_.__Tll.7.___ __ 
P( 11 1)= -8.?753 
P( 12 1)= -7.8408 
P( 13 1)= -7.4169 
p l .14 - .11==--- _____ ":" .. 7. 0085------------------------------------------------------ -----------
-P( 15 1)= -6.6184 
PC 16 1)= -10.?475 
P{ 17 1)= -10.6881 
p 1 1 8_ _ __lj_:: _____ - __l_j_ • .02!:t..::::.O __ _ 
_________ p_, ___ iq ___ 1)= -11.2094 
P( 20 1)= -11.2094 
P( 21 1)= -11.0249 
P( Z2 1)=·_ __-:10.6881. 
P( 2~ 1)= -10.2475 
P( 24 1)= -9.7405 
PC ~5 1)= -9.2298 
-----·-·-- p! - 26 ___ 1 )_::; _____ .-=_8 ... 7..1_1]__ _________ _ 
P{ 27 1)= -8.20R9 
pt ?.8 1)= -7.7285 
Pi ~9 1)= -7.273J 
P( 30 1}::::_ . -:-6.845_1 ___ _ 
P( ~1 l)= -11.0249 
PC 32 1)= -11.6183 
P( 33 l)= -12.095C 
nl 3 4 ____ Ll ::::_ ___ ---::.12 .•. -? 6Jr6- ---------------------
-----·-·p-(·---4,5 1)== -12.36~6 
PC 36 1)= -12.09~0 
PC 37 1)== -11.6183 
P( .38 lJ.=.-- -11.0.249 ----- -----.. ------------------------------------------------------------ ____ _ 
P( -39 1)= -10.3869 
P( 40 1)= -9.7495 Pf 41 1J= -9.1365 
pI '-2 _ll.==-----=.:._.a_._5_58_5----·--






--- ------- -- --
- ---------- --- ---· ---------
Pp( 44L5, 1)= -7.5168 ( - 1)- -7.0509 
---- --~+----4-~--1+~ ---~+~-:--~-2-~-~;---- ------------ -··----
P( 48 ll= -13.3784 
P( 49 1)= -13.8128 
P( 50 1)= __ -13.8128 P < ~ 1 - n =-- -----=- r3·~-::n s4 ---------------------- ---------------------- ---------------
P( 52 1)= -12.6663 
P( 53 1)= -11.8468 
--~--~----~ ~------i l-~----=+6-: ~-~i~- ·---- ·---··---·--
P( 56 1}= -9.5300 
P( 57 1)= -8.8739 
P( 58 1)= -8.?753 
- P r 5 9 - 1 r= --·--- - ---= 1~ 12 a s -------- -·---
Pc 6C I>= -7.2276 
PC 61 U= -12.6663 
P( 62 1)= -13.8128 
-------·pr- -6 :r-TJ =------~-T4"".""9"4"30--
PC 64 ll= -15.7300 
·-------------- ----·-------
PC 65 1l= -15.7300 
P{ 66 1}= -14.9430 
·pr-- 6 T--- rr==--------=- 13. 8T2 8 --- ---- -------------------------------- --- -- - --- ----- ·-----
PC 68 1)= -12.6663 
P( 69 ll= -11.6183 
Pf 70 1)= -10.6881 
----· ·--- -·pT·--71--·-·-- rr=-------=---c;:-B-6-Go 
P( 7?. 1)= -9.1365 
P( 73 1}= -8.4849 
P( 74 1)= -7.898~ 
- PT --7 5-- - ll  - .:.:7 :368T _______ ------------------------------------ ------------- --- ------------- -
P( 76 1)= -13.3784 
P( 77 1)= -14.9430 
P( 78 Il= -16.8ogs p·c---T<:r---u=· - r-s-~-s3T3·-
PC RO l)= -18.5373 
P( 81 l)= -16.8098 
P( 82 1)= -14.0430 PC -83 lJ= ---.,;.13.3784-------------------------------------------- ---- ------ ----------
P( 84 1}= -12.C9~C 
P( 85 !}= -11.0249 
P( 86 1)= -10.1145 
------- ·p r -s,---rr=------=·g;-:rT6zt _________ _ 
p( 88 ll= -8.6340 
P( 89 U=· -8.0186 
P( QQ })= ... -7.4664 ______ .. -·----·----·-----------P( 91 l)i: ----:.:.13.8128 ---·------ -----------------· 
P( 92 1)= -1~.7300 
P( 93 1)= -18.5373 
----------- ~- f ----~ ~----l+~---. = ~ ~-;-¢-~-~-~--------------------------------------·--
P( 96 1)= -18.5373 
PC 97 1)= -1~.73CO 
P ( 9 A 1) = -13. P. 12 ~ _________________________ --------------------------------------------
P( 99- 1)= -12.366b 
P( 100 1)= -11.2094 
P( 101 1)= -10.2475 
p ( 10 2 1} = _- 9_._4_2_6_3 





--- -------- - ----------------
- -------~------ -----~--- --·-- -----------
P( 104 ll-= -8.0R06 
P( 105 U= -7.5168 
___ p_( --1 C-6---l-l=---=-l-3.._8.1-2..8....-
P( 107 1)= -15.7300 
P( 108 l)= -18.5373 
P( 109 1)= -22.9249 
- .P ( .. 11 0 ~ -1 l := ________ =.2.2. 92.494-----
P( 111 1): -18.5373 
PC 112 1)= -15.7300 P! 113 1): -13.8128 
__ Q_'-1-1.4--U-: 12.....36.6.~------:----------
P( 115 1)= -11.2094 
P( 116 1)= -10.2475 
P( 117 1)= -9.4263 
- ____ p L 1 LB---~ L;;. ______ -~-8 • .7_11_7_ 
----------------
P( 119 1)= -8.0806 
P( 120 1)= -7.5168 
p ( 12 1 1 ) = - 1 3 • 3 7 84 
-- £J-122--Ll.=------=-1A .. ..9A3 Q, __ __, __ 
P( 123 1)= -16.8098 
P( 124 ll= -18.5373 
P( 125 1)= -18.5373 
-- -~-f--t~~-----11-;---- ::tt:~-~-j-g--------------------~---~----------
P( 128 1)= -13.3784 
P( 129 1)= -12.0950 
___ _p_{.-1.30-----~ =-Ll.. •. C2A9~------------
P( 131 1)= -10.1145 
P( 132 1)= -9.3264 
P( 133 1)= -8.6340 
- -- P ( _13 4 ...... 1 l =----------~E .• OL86 ___________________________ ~--~--------P( 135 1)= -7.466't ------------------------
P( 136 1)= -12.6663 
P( 137 1)= -13.8128 
___ _p_ { __ D.a __ _]_.l.;::___-=..l!t . .__ quo_ ____ _ 
P( 139 1)= -15.73CO 
P( 140 1)= -15.73CO 
P( 141 1)::: -14.C)430 
... g f 14~ -- ·ll~---------=+~:1~~~------ --------·-·- ···--------------.--------·----------~----· ----------.--
P( 144 1)= -11.6183 
P( 145 1)= -10.6881 
----- _J>_L_l4 6 __ LL= ----- q_. E!..6..6..0 _____ ---------------
P{ 147 1)= -9.1365 
P( 148 1)= -8.'t849 
P( 149 1)= -7.8988 
p ( .150 1 )~ ... - --=-7· 3683 _____________ _ 
P( 151 ll= -11.8468 
P( 152 ll= -12.6663 
P( 153 1)= -13.3784 
_____ -.£_L_l_S_L __ u_'=---~-"-Etl.2.s _____ ~--
PC 155 1)= -13.81~8 
P( 156 1)= -13.37R4 
P( 157 1)= -12.6663 
~- _P L 1.5 8 .1) = _ __ -11. 8468 ___________________ _ 
P( 159 l"l= -11.024'? 
P( 160 ll= -10.2475 
PC 161 1)= -9.53CO 
_______ p_ l-1.6.2 ___ } ) = -=..8 ._8..]3_<t__ 




-· --.-- ·--- - ----------------~ 
-----·-;------ ----· --------------
P( 164 l)= -7.7285 
P( 165 1)= -7.2276 
~ ~-- }~ ~-----1} ~ ----=-l-1-: -g-f-~ t-·--
P( 168 J.)= -12.C950 
P( 169 1)= -12.3666 
P( _170 _____ _1):= -12.3666 P ( 171 1 > =----··.:.:T2~·0950 ________ _ 
P( 172 1)= -11.6183 
P( 173 1)= -11.0249 
~-J--l-l~---{·l ~ ----=::_L2-·:-1~$-~---:----------------------
P( 176 1)= -9.1365 
P( 177 1)= -A.5585 
P( 178 1}= -8.0186 
- P f 1 "7 9 ·- . TF=' - ::7 ~ 51-6 8- ---------------·-------------------- ---------------- ·--
P( 180 1)= -7.0509 
P( 181 1)= -10.2475 
P( 182 1)= -10.6881 
-p-r-rs 3 ···--r,-=-------=-rr.u2A-~ 
P( 184 1}= -11.2094 
P( 185 1)= -11.2094 
P( 186 1 J= -11 .. 0249 
--pr--187 --r>=-------.:.:T-o·.-6-M3r--------· 
P( 188 ll= -10.2475 
P( 189 1)= -9.7495 
P( 190 1)= -9.2298 
--p-f-p;rr-rr-;,-------=-s .rrr·~---------------------------
PC 197. 1)= -8.2089 
P( 193 1)= -7.7285 
P( 194 1)= -7.2737 
· P-(-195 rr=---------:.:6~-Er4-ss·--··----· 
P( 196 l)= -9.5300 
P( 197 lf= -9.8660 
P( 198 1)= -10.1145 ---p-,-p·~·c-r-t-F=---=-nr;747s--
PC 200 ll= -10.2475 
P( 201 1)= -10.1145 
P( 202 l)= -9.8660 . 
-P-< -203 ----~-r=-·-------~9; 53oo·-------------------------···-------------·---------------·---··- ·------·-
P( 204 1)= -9.1365 
P( 205 1)= -8.7117 
P( 206 1)= -8.2753 
--p -(-26 7----rr=-·----=r:-·e-z;:c·8 
P( 20?: ll= -7.4169 
P( 209 1)= -7.C085 ~~ ~l~ ·ll~ ------ =~:~-}j~------------
P( 212 1)= -9.1365 
P( 213 ll= -9.3264 --~-1---~1~ -- -}}~------~·~:-~~ ~-~----·----------
P( 2lh ll= -q.3264 
P( 217 1)= -9.1365 
p ( 218 1 ) = - 8. 8 7 39 ... -.. -·- -· -------------------- ------------·-· ---·--·--------------
p c 219 ··· · 1 , = ,;.;. e. -ss a 5· 
P( 7.20 1)= -8.2089 





P( 224 ll= -6.7?-95 
P( 225 1)= -6.3764 
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T.ABLE 5-3 
---------RC--l--2-.).-=- l-5-.-1-l--C.!._ ____ _ 
P( 2 2)= 16.5171 
P( 3--2)= 17.3C65 
P( 4 2>= 1e.o4s2 
_ r __ ( _____ s ___ 2 L::: ____ J a .7o2o ____________________________________________________________ _ 
P( 6 2)= 19.2206 
PC 7 21= 19.5564 
P( R 2)= 19.6729 
--- ______ p_{ __ 9___2 ) - 13 .• 556__4r_ _ 
P( 10 2)= 19.2206 
PC 11 2)= 18.7020 
Pf 12 2)= 1P.C482 
------------ J>_c_ __ j_3 _ __2_l = -- 17 .. 3065 ____________________ --------------------------------- ------- -- ----
P( 14 2}= 16.5171 
P{ 15 2)= 15.7104 
P( 16 2)= 16.5171 
________ JU.-1-7 2)- 1 7. ~6-L2:::t9 _________________ _ 
P( 18 2)= 18.4124 
P{ 19 2)= 1Q.3304 
P( 20 2)= 20.1645 
_____ PJ ___ _z L __ ZJ = _____ 20 .845_7 ____ ------------------ -------------------- ----- ----- ------
P( 22 2)= 21.2974 
P( 23 2)= 21.4562 
P( 24 2)= 21.?974 
---------· __ P._L_25_____.2_L- ? _Q...R45 7L,. ______ _ 
P{ 26 2)= 20.1645 
P( 27 2)= 19.3304 
P( 28 2)= 18.4124 
p_ ( _________ 29. --~-2 ) __ ;:: ------------ __ 1_7_._ 4_6 29 ________ --------·---- ------ ~-- ----------------- ----· . ----· ------- - . ----- ----
P( 30 2)= 16.5171 
P( 31 2)= 17.3065 
P( 32 2)= 18.4124 
___________ E.1 ___ _33 __ 2L= 1 G._r;-;_5~·--- ___ _ 
P{ 34 2}= 20.7028 
P( 35 2)= 21.7878 
P( 36 2)= 22.7l2Q 
p __ { 37 '2_):: -~-23.?:,4 .. 7.5 _________ ... ~ ---------··---------------··----~-----~--~------ -- ---------·-··--- -----
p ( . 3 g- 2 ) -::: 2 3 • 5 7 5 ~ 
P( 39 ?l= 23.3475 
P( 40 2)= 22.7120 
-------- ---%-i----t~---}} : ~ 6 :-~-6-}}---------
P( 43 2)= 19.5564 
P( 44 2)= 1R.4124 
p ( ~ 5 2 ) = - 1 7 • 1 0 6 '5 --
P( 46 -2)= 18.C4R2 
D( 47 2)= 19.3304 
P( 48 2)= 20.7028 
__________ .QJ ______ 4_9 __ zJ_- 2 2. 1 3.9.13.----------------------------
PC 5C 2)= 23.5760 
--------------
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g~ ~~ ~J= 24.8773 ~( 53 . ~ 25.R266 -----·-·r:;-r-s4·---~-}-=----~-~: §-~1;·07--• ---- ---------
PC 55 2)= 24.8773 
P( 56 2)= 23.5760 
--- - ~ <r. ____ 55 78 ______ 7_ 1,_=-------- 22.1398 2  -·-zo·~ 70 2 s-------------------------------------···--- ···--·-· 
P( ~q 2)~ 19.3304 
P( 60 2)= 1A.04~2 
_____ p_ L_4l __ _l. J = 18. 10 2 6 
p ( 6 2 2, = 2"(,~1645 
P( 63 2)= 21.7878 
P( 64 2)= 23.5760 
P( 65 2i= 25.49?6 P c ···· ---6-6---- zr= -· -----2T~- 3<.f 59-----------------------
Pr 67 2>= 28.9329 
P{ 68 21= 29.5507 
P{ 69 ?}= 2A.9329 
---p-.-----,-o·-- zr=---------zT;-3"9 sG 
P( 71 2)= 25.4926 
P( 72 2)= 23.5760 
____________ P( 73 2)= 21.7878 p·r-·--7"/f ___ 2-l=-- --------2D.Io45 _______ _ 
P( 75 2)= 18.7020 
P( 76 2)= 19.7.206 
----.. -----~-}----+-~ ----~: ~ ---~~;-11-~t------------
PC 79 2)= 24.8773 
PC 80 2)= 27.3959 
--- - - p ( 8 1 2 J = 30. 2415 · ·s2· -21 ~-- -------~ 3 ·oco7 ___ -------------------------------·-------------------· ·----- ···- --- ---
PC 83 2)~ 34:3117 
P( 84 2)= 33.0007 
--- p ( 8 5 2) = 30. 2415 
-----p r---R6--zT=- 2 1. 3-q·s-cr-
P( R7 2)= 24.8773 
P( 88 2)= 22.7120 
P{ 89 2)= 20.8457 
· P c ·· -9 o ··· 2 r -- --------19 .- 2 ?.·c-6------------------------------ ------------------------------ -- --- ---- ----··· ---
PC 91 2)= 19.5564 
P( 92 2)= 21.2974 
P( 9~ 2)= 23.3475 
·· ----- ·-- p· r-·-·q·4- ---2·1 =------·zs-;-a-2·oo-------- ·----------------- -------
P< 95 2)= 28.9129 
P{ 96 2)= 33.0007 
P( 97 2)= 38.3?67 
. P ( . 9B 2)::-· --- 42.4642-- -- ----- -·-. 
PC 99 2)= 38.1867 ~( 100 2)= 33.0007 
P{ 101 2)= 2R.9329 :--- --------··p c··rc 2--- zT -- --------zs-:R2o6_______________________________________ _ 
P( 103 2)= 23.3475 
P( 1G4 2)= 21.?.974 
P( 105 2)= 19.5564 
· P ( 1 o 6 - · 2 ) = 1 9 • n7 2 q 
P( 107 2)= 21.4562 
P( 108 2)~ 23.5759 ;-----;-l---i~-b- ~ l ~ ---~ ~-:-§-}6J;--. ··-·-----· 
--------------
-------------~- ----------- --- ---·------- -·-----·------------
------
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P( 111 2)= 34.1117 
P( 112 ?)= 42.4642 
_______ p_( --1.1 3...---..2-l ;:;_ ---42 .... 4642---------
P( 114 2)= 42.4647 
P( 115 2)= 34.311~ 
P( 116 2)= 29e5507 
~ f . l i ~ .. -~ ~ ~. --- -~~-: }~ § ~ ------ ------------------ -----
P( 119 2)~ 21.4562 
P( 120 2)= 19.6729 
- --- ___ p __ ( __ -12--1-----.2-) =-------1-9 .-55.6..4 ---
rc 122 21~ 21.2974 
P{ 123 2)= 23.3475 
P( 124 2)= 25.R266 
P{ 125 2}= _________ 28.9329. ----------------------------------------------
P( 126 2)= 33.0007 
P( 127 2)= 38.3867 
PC 128 2)= 42.4642 
--------- P.L-12.9 ... _2J~------3 . .H ... .3.86 7 _______________ _ 
---------------------------
P( 130 2)= 33.0007 
PC 131 2)= 28.9329 
P( 132 2)= 25.8266 
--. --- -- p 1 .. 133- . 2} = -------23. 34 75 -------- -----------------------------------------
P{ 134 2)= 21.2974 
P( 135 2)= 19.5564 
P( 136 2)= 19.2206 
------- - __ Q_(. -13.L-2.L::: __ _z_o .. 8lt5J. 
P( 138 2)= 22.7120 
P( 139 21= 24.8773 
P( 140 2)= 27.3959 
p ( 141 2} =- -- -- 30. 2415 - --------. ---- ------ - -- - ----- --- . . - - - -
P{ 142 2)= 33.0007 
rc 143 2>= 34.3117 
P( 1'-tft 2)= 33.0007 
------------ .P.L .. L45 ___ 2L;:; __ 3 0 ... 2_{±..15 
P( 1lr6 2)= 27.3959 
P( 147 21= 24.8773 
PC l4R 2)= 22.7120 
_ D { 14 9 _. 2 ) =--- . ______ 2 0 • 8.4 57 ______ ---------- - ---- -------- ________________ . _____ _____ ... _ _ _______ _ 
P( 150 2)= 19.2206 
P( 151 2)= 18.7020 
P( 152 2)= 20.1645 
__________ !?__L_l5.l_~_2J E ____ 2.l • .J.B1B 
P( 154 2)= 23.5760 
P( 1~5 2)= 25.4°26 
P( 156 2)= 27.3959 
p ( 15 7 . 2) = -- 2 8. 9 32 9 
P( 158 2)= 29.5507 
P( 159 2}= 28.q329 
PC 160 2l= ?7.3959 
_____________ P-.l. ~61 ____ _2) ;:: ____________ 2_5_._~_926 ____ ----
P{ 162 2)= 23.5760 
P( 163 2)~ 21.7878 
P( 164 2)= 20.1645 P. ( 16 5 2 ) = 1.3. 7 __ 0_ 2 0 .. ~~------------ _______________ ------.-- -----------~----------- ____ -~------------- ________________ _ 
P{ 166 2)= 1A.0482 
P( 167 2)= 19.3304 
P( l6R 2)= 20.7028 
__________ _p_t__l6 g ____ 2J = _______ _22~~3_9_e_ _____________________________ ----




P( 171 2)= 24.8773 
P( 172 2)= 25.8266 
·----~-1--t-~-~~-~ ~ ---~-~-=-l~-~g;--------------------- ---
P( 175 2)= 24.8773 
P( 176 2)= 23.5760 
-- ----- ~+ -l ~l- -~H~---------~~-:-~6i~-----
p ( 17 9 2) = 1 9. 3 3 04 
P( 180 2)= 18.0482 
·-·-----~-l--1-~-~--~-t ~ ---li!·~f~-----· ---------·------····----
P( 1~3 2)= 19.5564 
P( 184 2)= 20.7028 
- --. ·--p ( 18 5 . 2 ) = 21 • 7 8 7 8 p· ( ·· 18 6 · -·2r=·------- -22 ;·7 r2o----------------------------------------- -· 
P( 187 2)= 23.3475 
PC 188 2)= 23.5759 
P{ 189 2)= 23.3475 
--------p·r-!··cro·--·2-J = ·------zz;7!70 
P{ 191 2)= 21.7878 
P( 192 2)= ?0.7028 
P( 193 2)= 19.5564 
---- --- --p·(-- 19-,t -- ---2--}:--------------1-·A-~ -41-·24 ___________ _ 
P{ 195 2)= 17.3065 
P( 196 ?.)= 16.5171 
--·-------~-}-+~-~----~+~ ---l-~-!{~~*-
P( 199 2)= 19.3304 
Pf 200 2)= 20.1645 
P( 201 2)= 20.~457 
··p c 20 z-·-- 2 r-=----·- ·z-1 ~ ?.974-------------------------------------- --- ·· --- - · 
P( 203 2)= 21.4562 
P{ 204 2)= 21.2974 
P( 205 2)= ?0.8457 
· ---pl--zcrc·----zT=---zo:To-zt?·---
Pc 201 2>= 19.3304 
P( 208 2)= 18.4124 
P{ 2CQ 2)= 17.4629  c · 2 1 c 2 r  · 1 6 -~-s 1 1 1 --- · --· - · ----- ---- --· --- -- ---- ·-· ---·- ---- ----------------- --- -·--··-- ··- -- · ·- ·-·--·· 
P( 211 2)= 15.7104 
P( 212 2)= 16.5171 
0 ( 2 1 3 2 ) = 1 7. 3 0 6 5 ----· 
--------- PT ·21zt-2 r=----,·-g-;-o-4-Rz-------- ------
PC 215 2)~ 18.70?.0 
P( 216 2)= 19.2?06 
P( 217 ?l= 19.5564 
. p f 2 1 ~ 21 =- -1 9. 67 2 q --
P( 219 2)= lq.5564 
p( 220 2)= 19.2206 
---------~-~-~~-1-----~-~~--------t~:-6-2~~---·-·-···---------------------------· 
P{ 223 2)= 17.3065 
P( 224 2)= 16.5171 
P( 22}5 ___ ?-l= 15.71C4 
------·---· 
.. - -···---------- ---------------------- ----------~----·-· -------
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TABLE 5-4 
,- _ ___EfESSl_J8_t_s,_._HAf':G_ES AT VARIOIJS GRIQ_-POJNTS CAUSED FW FI~!:.Q_ ____ 1_ 
P( 1 3)= 27.5309 
P( 2 3)= 27.6717 
P{ 3 3)= 27.6717 
p ( 4 3) = -- -- -21. 5309 ____________________________ _ 
P( 5 3)= 27.2561 
PC 6 3)= 26.R601 
P( 7 3)= ?6.3597 
-- --- p (_ __ -8--- -3--)_::;: _______ 25 .__7_7_3_8 
-----------------------P( 9 3)= 25.1212 
P{ lC 3)= 24.419Q 
P( ll 3)= 23.6855 
p { - 12 3) = ___________ 22. 9314-----------------------------------------·---------· ·------· 
P( 13 3)= 22.1684 
P( 14 3)= 21.4052 
P( 15 3)= 20.6484 
--- __ f'-_( ___ ~6_ ____ 3}::: ____ 2_9__._L422 ----
P( 17 3)= 29.3130 
PC 18 3)= 29.3130 P< 19 3l= zq.l422 
_ P ( __ 2 0 __ _3J = ______ _28. EL06 _ ----------- ----------------------------------------------- ______ _ 
P( 21 3)= 28.3365 
P( 22 3)= 27.7430 
P( 23 3)= 27.0558 
_______ _p_( --24----3-l =-----2-6.2.9.93 ______ _ 
P( 25 3)= 25.4956 
P( 26 3)= 24.6636 
P( 27 3)= 23.8183 
P_{ 28 _ 3)= _ 22.9715 -- ------------------------------------------------- __ _ 
PC 29 3)= 22.1321 
P( 30 3)= 21.3065 
P( 31 3)= 30.9229 
____ ~ L _ 3 2 ____ 3J ::: _____ ___3__L:.._L3!t 0_ 
P( 33 3)= 31.1340 
P( 34 3)= 30.9229 
P( 35 3)= 30.5158 
P( 36_ 3}= _29.9395 --- ----- ------- ---------- ----- ------ _______ _ 
P( 37 3)= 29.2272 
PC 38 3)= 28.4137 
P( 3q 3)= 27.5309 
------ -~ ~-------ty- -i ~-;---------~-~=-~g-?*-
P( 4? 3)= 24.7132 
PC 4~ ~)= 23.7738 
P( 44 3)= 22.8517_ 
P( 45 3)= 21.9529 
P( 46 3)= 3z.oogs 
P( 47 3)= 33.1758 
--%l--- ~~-- -~ ~ ~------~~:~6-~l----·----------------------------------------------
P( 5C 3)= 32.3984 
P( 51 3)= 31.6R57 
P( 52 3)= 30.8193-
P( 53 3)~ 29.8471 
P( 54 3)= 28.8106 
P( 55 3)= 27.7430 
n { r:: "-- 31'= 2_6_,._6_6__89 ________ _ 
---- ----p c ---s7-3 ) -;----- 2 5 .. 6 c 58 
----· ----------
------------ ~ ---- ... ------------- ----------~------------------ ----------- ----
----------
140 
~l ~s ~~~ 24.5652 
P( 6 C 3 ): 23.5548 ---·p-(·--6·r--3T=----~-~!?.I~Jr------
p ( Je. '1"CI2 62 31= 35.4960 
P( 63 3)= 35.496C 
P( 6~ 31= 35.1482 P f 6 5 ·---- :-n =··--- ---- ~Jtt--~-49 p"} ________ -------·-------------------
PC 66 3)= 33.59:?6 
PC 67 3)= 32.5232 
---- ---~t-~~~--}}~---~-5--:-f-~-9~'-----------------
P( 70 3)= 28.8923 
P( 71 3)= 27.6717 
__ P( __ 72 31= 26.4820 . P c ·· 13 - -":\ r=·- -·--·--- 25·.-33 31·-------------··------------·--·-------------··-··---
P< 74 3)= 24.2300 
P{ 75 ~)= 23.1750 
_____ P_( 76 3)= 37.7077 
P ( --7 7 ---3-) ::-·- 3 8. ITs-3--
P( 78 3)= 38.1783 
P{ 79 3)= 37.7077 
----~l-~i· --· ~l~---·----5~·-;-~i~j-----
P( 82 3)= 34.3354 
P( 83 3)= 32.9088 
·---- P( 84 3}= ?1.4607 
--- p- r- ·- ·e 5-- ----·3T=---- 3-o;-o 378-
P< 86 3)= 28.6496 
P{ 87 3)= 27.3239 
P( 88 3)= 26.0616 
. P-{- A 9 -- 3) =-------- 2A-. 863ff----------------------------------------·------------------· --···--·--·-
P( 90 3)= 23.7295 
P( 91 3)= 40.6Bl6 
.. _. ___ P( G2 3}-= 41.3510 p·c -·--g··1·----3F=-----z;r;-3-5TO -------------------
PC 94 3)= 40.6816 
P( 95 31: 39.4796 
P( 96 3)= 37.9398 p { "9T- 3) =·--~6-~""2366------------c 
P( 98 3)= 34.4919 
P( 99 3)~ 32.7783 
P( 100 3)= 31.1340 
···pr -·TcH -·---3- f:::-·-.---- -"2~-; 5 TCJ9 __ _ 
P{ lC2 3}""" 28.1090 
P( 103 3)= 26.7322 
p ( 1 c 4 3)-== 2 5. 4411 ------------ ------------------. PC 10 5 3T'= 24 ~ 2 300 ______ -- - ---·------- -------· 
p ( 1 C' 6 3 ) = 4 '• • 2 (\ 4 7 
?( 1(;-, 3)= 45.2258 
~ ( 1 CB 3) = 45. 2?58 ___ --------
--------- Pf -· i crq·-----·Tr=-------4-4-.-2 r:Jl+7 ·-
P( llC 3)= 42.4622 
P( 111 3)= 40.3652 
P( 112 3)= 3R.l783 _ --·-----------------------------
0( 113 3F= - -·-36~·04"55 ·----· 
P( 114 3)= 34.C305 
P( ll~ 3)= 32.1542 
--· -------~- ~---i i-~---~-~-~---·--ta-:-}tt.~-----------
---·----------------·-- ----··------·--·- --·-·. 
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gi ll~ ~!~ ~~=~~~j 
___ p __ (_ 12 0 -----3-l =--------2-4- 663.f:J __ 
PC 121 3)= 4g.4634 
P( 122 3)= 50.1880 
P( 123 3)= 50.1880 
-~ ~ i ~ ~ ~ ~ -~ ----t ~: 17 ~ ~ ~----- -- ------------------------------------- ---
PC 126 3)= 42.8664 
P( 127 3)= 40.0599 
___ Q_t---12-FL--- 3.J_; ____ 3T.A8.-L7 
P( 129 3)= 35.1482 
P( 130 3)= 33.0413 
P( 131 3)= 31.134C 
- -p { 132 -- .. 3 )_: __ ---- __ 2 9. 3_9_9_7 ____ ------------------------
P( 133 3)= 27.8150 
PC 134 3)= 26.3597 
P( 135 3)= 25.0173 
----- P_L __ l3 6_ _ _3J_E;__ _______ 53 •. 643.9 ______________ _ 
P( 137 3)= 57.0453 
PC 138 3)= 57.0't53 
P( 139 3)= 53.tA39 
--- p { 14<l. _3)::: __ -- ___ 49. 2835 ________________________________________________ ----------------
P( 141 3)= 45.2258 
PC 142 3)= 41.7059 
P( 143 3)= 38.6757 
--- __ P_L.J.A 4_ . ..3J ;::_ ____ 3_6 .L.45 r; 
P{ 145 3)= 33.7361 
P( 146 3)= 31.6857 
P( 147 3)= 29.8471 
P(_ 148 _ 3)= __ 28.1841.--------------------------- -----------------------
P( 149 3)= 26.6689 
P( 150 3)= ?5.2796 
P( 151 3)= 59.4120 
-------'- P.L.l5 2 ___ 3._.1 :;:: _______ £2_. 65 .6.G:!.------------
P( 153 3)= 62.6569 
P( 154 3)= 59.412C 
P( 155 3)= 52.3353 
p c 15 6 - 3 l =- -__ 4 7. 0 2 24- ---- ---- ---- -- - ------------ ----------- -- -----
P( 157 3)= 42.8664 
P( 158 3)= 39.4796 
P( 159 3)= 36.6321 
______ P.L_16_C ____ 3_J.=-_____ .34 •. L8L6 
P( 161 3}= 32.0347 
P( 162 3)= 30.1273 
P( 163 3)= 28.4136 
P ( 16 '+- __ 3 J = _ _ __ 2 6. 8 60 L __ 
P( 165 3)= 25.4411 
PC 166 3)= 62.6569 
P( 167 31= 6?.6569 
__________ D { .168 ___ _31_:==--- ______ b2._656_9 ______ _ 
P( lAO 3)= 62.656~ 
PC 17C 3)= 53.643q 
P( 171 3)= 47.7134 p ( 1 7 2 . 3 ) =. -- 4 3 • 2 q 0 2 - --·--··-----~ -· - ---··- --- - ~-----· -------- .. ----------- ------ --- --- ----· ~ ---- ------- .. -- - -
P( 173 .'3)= 3CI.764C"I 
P( 174 3)= 36.8:::369 
P( 175 3)= 34.3354 
__________ p_( ___ J.7_6_ ____ 3l ;::: _______ ______32. .. 15.1-tL--------
P( 177 3)= 30.2227 
-----·-------
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P( 178 3)= 28.4916 
P( 179 3)= 26.9248 
----~{-l~i---§-~-~ ---g-4-:-~1-~3- ·---------- -------
P( 182 3)= 62.6~69 
P( 183 3)= 62.6569 
__ P( 184 3}= 59.4120 P ( - 1 A? -- 3) := - . --52-. 33 53 ___________ ------------------------------------- · ----- ·-------
P{ 186 3)= 47.0224 
P{ 1R7 3)= 4?.R664 
P( lPA 3)= 3Q.4796 
·----r<--Yff9--·-;n-,;------3~-6-:rz·r--
P( 190 3)= 34.1816 
P( lSl 3)= :~2.03tt7 
P( 192 3)= 30.1273 p ( -19 3---3) ,;;---------28-;.4136-- ------------------------------ ------------------------
P( 194 3)= 26.8601 
P( 195 3)= 25.4411 
P( 196 3)= 53.6439 
-- -- P·r -rg ~----::fF=-----s-7-~--ti4s::r 
P( 19R 3)= 57.0453 
P( 199 3)= 53.6439 
P( 200 3)= 49.2835 
- P r ·zo ~-- ·3 > ·-=· 4-5.-?2 5R - ---------------------------- ------------------------------ ···- ----- ---
P( 202 3)= 41.7059 
P( 203 3}= 38.6757 
P( 204 ~l= 3A.C455 
- ·-r c-z(J·s--3·;-~-------3-3-:7 3El~------------
P< 206 3)= 31.6R57 
D( 207 3)= 29.8471 
P( 208 3)= 28.1841 p (-  9- - ) == --- --- ---26-. 66 89 -- -------------·-·---·------------------ ·---------- --- ----------- .. ---- ·- --
Pr 210 31= 25.2796 
P{ 211 3)= 48.4634 
P( 212 3)= 50.1880 
- ----- P c-?T 3 ---::n·=------5-<T. TBAO ·--
P( 21~ 3)= 48.4634 
P( 215 3)= 45.7848 
P{ ?lA 3)= 42.8664 p( 217 )  0.0599 --- --···-----------·-··------ -------------- ··---···-
P( 218 31= 37.4817 
PC 219 3)= 35.1482 
P{ 220 3)= 3~.0413 ----rr·-~>2T--::rr=------3-r~-1-J4F··-----------
rc 222 3>= 29.3997 
P( 223 3t= 27.8150 
P( 224 3)= 26.3597 
P{ 225 3)= 25.0173 
----------------------------- ·--- -----· 
·-------------. -·---------- -·-···--------------·-------· 
-------------------------------- -· ------------
- -- - - --- --- - --
- --- ---~---- --------- ---




COMPUTER PROGRAMS FOR PRESSURE DISTRIBUTION 
AND RADIUS OF DRAINAGE 
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The computer programs evaluating Equation (2-17) 
constitute a major part of this study. This section contains 
the detailed descriptions of these computer programs includ-
ing user ins-tructions, flow diagrams, and summaries of pro-
gram identifiers. Complete listings of all programs and sub-
routines are inserted at the rear of this report. 
6.1 Introduction to the Programs 
All the programs in this study are written in Fortran IV 
and developed on the IBM 360/50 system. The programs are 
presented in two segments; first, the mainline programs 
which consist of data input, various numerical operations 
employed, and output operations; and second, the subroutine 
packages which consist of the routines for performing the 
required repetitive calculations necessary in order to calcu-
la·te PD( RD, TD) • 
6.2 Discussion of Subroutines Used in Programs No. 1, 2, 
~and 3 
The following section describes the subroutines contained 
in each of the four computer programs used in this study. 
These subroutines have been appropriately named SUBTB, SUBTA, 
ERFC, BESJO, BESYO, BESJl, and BESYl. 
1. SUBTA- Solutions to the Exponential Integral, Ei(X), 
for the argument X = (RD) 2/4TD. Two different 
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polynomial approximations are used, depend-
ing on the value of X relative to 1.0. 
These polynomial approximations are given in 
Section F, page 238. 
2. SUBTB - The value of PD(RD,TD) is calculated for 
any given RD and TD values. The evaluation 
is accomplished by three different routines 
depending on the size of TD. For TD<.Ol 
and for TD>SOO, simplified expressions are 
used to obtain PD(RD,TD). (See Section B 
page 224.) For .Ol<TD~SOO, the integral of 
Equation (3-16) is evaluated by the Romberg 
technique. Program No. 2A has a SUBTB sub-
routine different than the other three pro-
grams. For Program 2A, the expression for 
TD<.Ol is the same as Mortada's Equation 4. 
For .Ol<TD~lOO, Program 2A uses the modified 
Trapezoidal method rather than the Ronilierg 
method. 
3. ERFC -The Error Function, the CQmplementary Error 
FUnction, and the integral of the Comple-
mentary E~ror Function are evaluated for 
the argument X, where X = (RD - 1.0)/ 
( 2. i: SQRT ( TD)) . (See Section E, page 
236.) Program No. 2A does not evaluate the 
complementary D"'ror function of X since it 
is not required in the expression for TD<.Ol. 
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4. BESYO -The value of the Bessel function, zero 
order, second kind, CY 0 ) is calculated for 
the value of ARG brought into the subroutine. 
Depending on whether ARG is greater or less 
than 3.0, two different polynomial approxi-
mations are used to evaluate the function 
(See Equations (28-1) and (28-2), page 234). 
The SIN expansion (See Appendix B, page 242) 
has been added to permit extra large argu-
ments to be used. 
5. BESJO -The value of the Bessel function, zero 
order, first kind, CJ 0 ) is calculated for 
the argument ARG. The polynomial approxima-
tions used are given in Equations (2A-l) and 
(2A-2), page 233. The COS expansion (See 
Equation (3A-7), page 241) is also used. 
6. BESYl - The Bessel function of first order, second 
kind, CY 1 ) is evaluated for the argument 
ARG. The approximations are given by 
Equations (20-1) and (20-2), page 235. 
7. BESJl - The Bessel function of first order, first 
kind, (J 1 ) is evaluated for the argument 
ARG. The approximations are given by 
Equations (2C-l) and (2C-2), page 234. 
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6.3 Program No. 1 - PD(RD,T_D) Values 
6.31 Program Description: 
6.31.1 Objective: 
Program No. 1 is designed to calculate the dimensionless 
pressure PD(RD,TD) for each value of dimensionless radius, 
RD, and each value of dimensionless time, TD, supplied by 
the input data cards. 
6.31.2 Advantages of This Program: 
1. Any number of PD values can be calculated as long uS 
a TD value and a RD value are available from the input data. 
2. The values of PD(l,TD) previously obtained from 
Van Everdingen-Hurst's or Chatas' tables can be checked 
against those calculated by this program. 
3. The values of PD(RD,TD) previously obtained only 
from Mortada's plots or table can easily be calculated by 
Program No. 1. Radius ratios and dimensionless times not 
given by Mor-tada are now available thr.:.JUgh the use of this 
program. 
4. All practical radius ratios and dimensionless times 
can be used in this program. Since this study is concerned 
principally with aqui.fer pressure distribution, only TD 
values between .0005 and 1000 have been investigated. RD 
values from 1.0 to 64 have been useG in this study, but 
ratios greater than 64 can be handled by the pro~ram. 
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5. This program is based upon an evaluation of the 
explicit equations for PD(RD,TD) rather than the usual finite 
difference solutions to the radial diffusivity equation. 
This allows a more accurate value of PD(RD,TD) to be obtained. 
6. Since this program is based upon the concept of the 
interior boundary of the radial system having a·finite area, 
the dimensionless pressures obtained are much more accurate 
than those previously obtained from "point-source" solutions 
to the diffusivity equation. This increase in accuracy is 
especially important at radius ratios close to 1.0 and at 
small dimensionless times. 
6.31.3 Limitations of This Program: 
1. In its present form, PD(RD,TD) values are calculated 
for only one RD value at a time for multiple TD values. In 
order to run more than one RD value at a time, a DO-LOOP must 
be added prior to statement 4. 
2. The time required to calculate the PD(RD,TD) values 
can range from less than three minutes to more than an hour, 
depending upon the magnitude of the TD values selected and 
the number of PD(RD,TD) values being sought. 
3. At the present time, radius ratios greater than 64 
and dimensionless times outside the range of .0005 to 1000 
have not been used in this program. Values outside these 
ranges, however, should not affect the operation or accuracy 
of this program. 
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6.31.4· Data Required By This Program: 
The number of TD values being read in as data. 1. 
2. The desired RD value at which PD values are required 
for the TD values read in as data. 
3. The TD values at which PD 1s to be calculated for 
the RD value already read in Step 2. 
6.31.5 Operation of This Program: 
Once the required dimensionless parameters CTD and RD) 
have been supplied, the program calculates PD(RD,TD) by 
solving one of three explicit equations available for the 
dimensionless pressure. 
A. If TD~.01, Equation (3-2) is solved with the aid 
of Subroutine ERFC. 
B. If TD>SOO, Equation (3-3) 1s solved with the help 
of Subroutine SUBTA. 
C. If .Ol<TD~SOO, Equation (3-16) is solved by the 
Mainline Program starting with statement 30. 
In case C, Equation (3-16) is solved by the Romberg 
integration technique. A maximum of (2) 10 panels is employed 
and the combination of 10 Trapezoidal approximations was 
found to produce PD(l,TD) values which compare favorably to 
the accepted values of Chatas. 
The Bessel functions JO, Jl, YO, and Yl required to solve 
Equation (3-16) are furnished by the proper polynomial approx-
imations contained in the 4 Bessel function subroutines 
BESJO, BESJl, BESYO, and BESYl. 
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6.32 List of Symbols 
NOTE: All symbols used in Program No. 1 are the same as those 
given for Program No. 2 (See page 157). 
6.33 User Instructions for Program No. 1 -
PD(RD,TD) Values 
6.33.1 Program Input: 
It is imperative for the input data to be supplied in the 
correct manner. Although the data input is relatively simple 
for Program No. l, the order of data cards and the necessary 
f~rmats are listed below to prevent any difficulties which 
might otherwise occur. 
CARD NO. FORMAT 
l IS 
2 El8.8 








Contains the number of values 
of TD to be read as data. 
Contains the RD value at 
which the PDCRD,TD) will be 
calculated. 
The next I cards contain the 
values of TD at which 
PD(RD,TD) is desired. 
Program Output: 
Program No. 1 prints the value of PD(RD,TD) for each 
of the I values of TD read in for the RD location specified. 
It also prints RD and the TD values at which PD(RD,TD) is 
calculated. 
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6.34 PROGRAM NO. 1 
BLOCK DIAGRAM 




1 Solve for PD(RD,TD) 
by the Romberg 
technique 
Write 
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6 • 4 ?.rogr~m No. 2 - Fractional Pressure Loca·tion 
6.4-l Program Description: 
6.41.1 9bjective: 
Program No. 2 is designed to calculate the dimensionless 
radius, RD, at which a given fracitonal dimensionless pres-
sure, PDt, occurs at a specified dimensionless time, TD. 
6.41.2 Advantages of This Pro~~ 
1. The radius at which the aquifer pressure-drop is a 
given fraction of the well-field pressure-drop can easily 
be de·t:ermined at any dimensionless time. 
2. The radius calculated will be within .01% of the 
radius at which the desired fractional dimensionless pres-
sure PD' occurs, regardless of the dimensionless time or the 
PD' value selected. 
3. If the fractional dimensionless pressure, PD', 1s 
specified as .01, then an accurate value of the effective 
radius of drainage can be obtained for an infinite radial 
reservo1r subject to a constant producing rate under unsteady-
state fluid flow conditions. 
6.41.3 Limitations of This Program: 
1. For .Ol<TD_2500, this program may require up to 15 
minutes to obtain the required radius, RD, at which the 
specified PD' occurs at the given TD. The time required can 
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be significantly reduced if the percent error 1s increased 
to .1%. 
2. At present, only TD values from .0005 to 1000 have 
been calculated, but values outside this range should not 
present difficulties in the operation of this program. 
6.41.4 Data Required By This Program: 
1. The values of the fractional dimensionless pressure, 
PD', for which RD is desired at the TD values which are to 
follow in Step 2. 
2. The values of dimensionless time, TD, and the start-
ing values of RD (always equal to 1.0). 
6.41.5 Operation of This P~ogram: 
Once the required values of PD' and TD have been read 
in along with the starting RD = .1.0 values, the program 
calculates the corresponding PD(l,TD) value. Next it 
increases RD to 2.0 and calculates PD(RD,TD) for the same TD 
value. The fractional dimensionless pressure is obtained by 
PD(RD,TD)/PD(l,TD). This value of PD' is then checked 
against the required PD' value for which RD is being sought. 
If these two PD' values are not the same, then the RD value 
is changed. If the last PD' calculated is larger than the 
d · d PD' then RD is doubled and a new PD(RD,TD) calculated. es1re , 
A new PD' is then formed and checked against the desired PD'. 
This procedure is continued until a RD value is obtained at 
which the calculated PD' value is less than the desired PD' 
value. 
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When an RD has been found where PD' is less than that 
requested, then an iterative procedure is followed. The 
last two RD values are subtracted and one-half their 
difference is added to the smaller value (RD1 ). Using this 
new RD value (RD 2), PD(RD,TD) and PD' are again calculated. 
If PD' is still smaller than the desired PD' then the 
difference between the smaller RD1 and the new RD 2 value is 
formed and one-half of this is again added to RD1 to give 
RD 3 and PD' is calculated once more. 
If PD' becomes larger than the desired PD' value, then 
the difference between the current RD value and the last RD 
value giving a smaller PD' is taken and one-half of this 
difference is added to the current RD value. PD(RD,TD) and 
PD' are then recalculated. 
This type of procedure is continued until an RD value is 
obtained which is less than .01% different than the previous 
RD value selected. The PD' value calculated at this RD ratio 
should be extremely close to the desired PD' value since 
the two RD values compared have PD' values on either side of 
the desired PD' value and still differ by only .01%. 
The TD, RD, and PD' values are printed as the search 
continues. The last RD value printed is the radius ratio 
at which the desired PD' occurs. 
The PD(RD,TD) values are obtained by solving the expli-
cit equations given in Section 3.2 for the three different 
TD ranges (See pages 54 to 56 ). Equ~tion (3-16) is solved 
10 by the Ronilierg technique using (2) panels and taking the 
combination of 10 Trapezoidal approximations. 
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The ERFC subroutine contains the term added to Mortada's 
equation for TD<.Ol (See Equation (lB-13), page 227). 
The Bessel function subroutines have the SIN and COS 
expans1ons which allow extremely large arguments to be 
evaluated. 


















Fractional dimensionless pressure 
PD' = PD(RD,TD)/PD(l,TD). 
Dimensionless time, Kt/~~crb 2 . 
Dimensionless radius, r/rb. 
Percent difference between the radius 
RDL where PDF is less than the desired 
PDF value and the radius RDS where PDF 
is larger than the desired PDF value. 
Control value for size of the upper 
limit of the integral in Equation(3-20). 
Number of Trapezoidal appr,oximations 
made for the Romberg combination. 
The upper limit of the integral in 
Equation (3-20). 
Number of panels used (maximum of 210 >. 
Size of the individual panels. 
Variable of integration, X/(1.-X). 


























Value of the function 3-20 at any ~ 
value before integration occurs. 
u. 
U ;': RD. 
BJ ;'; BJ. 
BY ;'; BY. 
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Values of the Bessel functions of zero 
order, first and second kinds. 
Values of the Bessel functions of 
first order, first and second kinds. 
Sum of the FX values. 
Value of the integral in Equation (3-20) from 
the Trapezoidal technique. 
Value of the integral in Equation (3-20) 
obtained from the Romberg combination 
of several Trapezoidal approximations. 
Argument, RD 2 /C4 * TD). 
Value of the Exponential Integral with 
the argument -X. 
Argument, (RD-l)/(2 *SQRTCTD)). 
l./(1. + .32759ll(X)). 
-X2 
e 
Error Function of X (given by Equd-
t.:ion (2E-7)). 
Integral of the Complementary Error 









EC ERFC(X) Complementary Error Function of X 
(given by Equation (2E-4)). 












Argument brought into the subroutine. 
SIN and COS of a number. 
3.141593. 
Expressions for the SIN and COS of 
extremely large arguments (See Equa-
tions (3B-6) and (3A~7)). 
User Instructions for Program No. 2 -
Fractional Pressure Location 
6.43.1 Program Input: 
The following data should be read in exactly as listed 
below in order for this program to operate properly. 
CARD NO. FORMAT 
1 - 3 10X,El8.8 






Each card contains one 
value of the fractional 
dimensionless pressure 
PD'. 
Each of the next 2 cards 
contains one value of TD 
and one value of RD (RD 
must be 1 . 0) . 
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6.43.2 Program Output: 
Program No. 2 prints the value of PD' and each corres-
ponding RD ratio selected by the program until two successive 
RD ratios have been obtained which have PD' values both above 
and below the desired PD' value. The two RD ratios also are 
within .01% of each other. This program also prints the 
requested PD' value read in as data and the value of TD at 












Read PDF, TD, and RD = 1.0 
' DATA. 
J 
Solve for PD(l,TD) by the 
Romberg technique. 
I 
Increase RD bv factor of 2 • 
I 
Calculate PD(RD,TD) by the 
Romberg technique. 
I 
Write PDF and RD. 
I 
Check to see if calculated 
PDF equals the desired PDF. 
II 
If the calculated PDF lS 
larger than the desired PDF 
then return to l and form 
new PDF. 
I 
the above procedure (from 1) until a 





Compare the radius giving -the small PDF with 
giving the large PDF. If percent difference 







been than percent 
found. If percent difference is greater than .01% 




=== -~~· -~ I .-~----~------------~,--~---~~~~----~ 4 Take one-half the difference between the radius giv-
ing the small PDF and that giving the large PDF. Add 
this quantity to the radius giving the large PDF. Now 
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6.5 Program No. 2A - Fractional Pressure Location 
6.51 Program Description: 
6.51.1 Objective: 
Program No. 2A, like Program No. 2, is designed to 
calculate the dimensionless radius, RD, at which a given 
fractional dimensionless pressure, PD', occurs at a speci-
fied dimensionless time, TD. This program operates exactly 
the same way as Program No. 2, except that the integration 
of Equation (2-17) for .Ol<rD~lOO is accomplished by a modi-
fied Trapezoidal procedure rather than by the Romberg 
technique. 
6.51.2 Advantages of This Program: 
The advantages of this particular program are the same 
as those listed for Program No. 2 (See page 154). Program 
No. 2A, however, was used to obtain the values of RD-1 
presented in Table 4-7, page 90. 
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6.51.3 Limitations of This Program: 
1. In general, the restrictions mentioned for Program 
No. 2 also apply to this program. 
2. The accuracy of the individual PD values slowly 
decreases as TD becomes greater than 10 but less than 100. 
For this reason, Program No. 2 is preferred .over this pro-
gram since it requires a few minutes less running time. 
This inaccuracy in PD values does not, however, significantly 
affect the RD values obtained from this program. 
3. The time required to obtain a RD value is approxi-
mately 1 minute more for this program than for Program No. 2. 
6.51.4 Data Required By This Program: 
The data required by this program is identical to that 
listed for Program No. 2 (See Part 6.41.4, page 155). 
6.51.5 Operation of This Program: 
This program operates exactly the same way as Program 
No. 2, except that the integration of Equation (2-17) for 
.Ol<TD<lOO. is accomolished by a modified Trapezoidal proce-
dure rather than by the Romberg technique. 
The ERFC subroutine in this program does not contain 
. -the extra term, but is exactly the same as the express1on 
used by Mortada (See Equation (lB-10), page 226). 
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The Bessel function subroutines do not have the provi-
sion for extra large arguments of the SIN and COS functions. 
This provision was not required in this program because the 
upper limit used for the integral was about 2100. Since the 
largest RD value used was less than 100, then the arguments 
of the Bessel functions always remained less than about 
210,000. Arguments of this size did not requ1re expansions 
of the SIN and COS functions in order to operate successfully. 






All symbols except those iisted below fr?m Subroutine 
SUBTB are similar to those already descr1bed for 









The area under the curve integrated 
from X = .02 up to the current value 
of X. 
The value of the function inside the 
integral at any given X value. 
The size of the individual panels 
used for the integration. 
Variable of integration. 
X ;': RD. 
Equal to YA. 









The sum of the previous area plus 
the area added by the latest panel 
considered. 
6.53 yser Instructions for Program No. 2A -
Fractio~al Pressure Location 
6.53.1 Program Input: 
NOTE: The input for Program No. 2A is identical to 
that described for Program No. 2 (See page 160) and there-
fore will not be repeated here. 
6.53.2 Program Output: 
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NOTE: The output for Program No. 2A is also identical 
to that already described for Program No. 2 (See page 16 0) 
and therefore will not be mentioned here. 
6.54 PROGRAH NO. 2A 
BLOCK DIAGRAH 
NOTE: The Block Diagram for Program No. 2A is identical to 
that for Program No. 2 already given on page 161 and there-
fore will not be repeated here. However, a Trapezoidal 
technique lS used in step number 3 rather than the Romberg 
method given for Step 3 of Program No. 2. 
6 • 55 Flow Diagram 
Program No. 2A - Calculation of Fractional 
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6.6 Program No. 3 - On Line Mapping Technique 
6.61 Program Description: 
6.61.1 Objective: 
Program No. 3 is designed to map directly from the on-
line printer the pressure-drop distribution in a square 
section of an infinite radial aquifer surrounding a number 
of radial oil-fields each producing at a constant rate. 
6.61.2 Advantages of This Program: 
1. Any number of well-fields can be mapped. These 
fields can be located anywhere inside or outside the grid-
section chosen for pressure mapping. 
2. Data can be furnished in any units provided that 
the proper conversion constants are supplied in statements 
35, 36, and 38 of the program. 
3. Varying production rates can be used for the fields 
provided a superposition routine for the pressure-drop 
resulting from each production rate, over the corresponding 
time-step, is added prior to statement number 43. 
4. Fifty-three contours abov~ the reference contour and 
53 beloH are possible without any duplication of symbols. 
This will normally allow for contouring at 5 or 10 psi. drop 
per contour. 
5. A map of the pressure-drop resulting from all ~he 
fields in the aquifer interference region is produced as 
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well as maps of the pressure-drop caused by each field pro-
ducing alone in the aquifer. 
6. A listing of the pressure-drop occurring at each 
of the 225 grid-points is produced for each of the fields 
acting by itself and for the combined effect of the fields 
in·terferring. 
7. A map containing more than 12,700 pressure-drop 
values is produced by interpolation from only 225 calculated 
pressure-drops. This significantly reduces the time required 
to map with the detail desired. 
8. The actual aquifer pressure rather than the pressure-
drop can be mapped provided the pressure-drop values are 
subtracted from the initial aquifer pressure (PINT) prior to 
statement nurr~er 43. 
9. The tedious and often inaccurate job of hand-contour-
ing pressure values to investigate areal pressure distribu-
tion is eliminated. 
10. The maps produced are of a useful size and the 
altex'nating black (printed) and white (blank) contours serve 
to highlight the pressure distribution. 
6.61.3 Limitations of This Program: 
1.. In the form shown by the flow charts and listed in 
Insert 13,this program will handle only 3 well-fields produc-
ing from the aquifer. More fields can be examined by chang-
ing the dimension statements and do-loop indexes. 
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2. In its present form, the data must be supplied in 
the units described in the definition section. The constants 
in statements 35, 36, and 38 can be modified if other units 
are desired for the input-data. 
3. Since the 15 x 15 map-grid requlres 225 pressure-
drop values in order to perform the interpolation and to map 
the pressure-drop distribution, the program must generate 
the 225 pressure-drops at the selected grid-points. These 
points are fixed and the number and location of these points 
can not be changed. This program will not map pressure-drop 
values supplied by data cards but only those pressure values 
generated internally. 
4. Pressure-drops which occur inside well-field 
boundaries will be slightly different than the true pressure-
drops at these points. This is due to the assumption that 
the pressure-drop anywhere in the well-field is the pressure-
drop existing at the well-field boundary CRD = 1.0). Inter-
ference pressure-drops at points inside a well-field boundary 
caused by another field's production are calculated properly. 
Only the assum~tion of uniform pressure-drop within a field 
producing alone in the aquifer limits the exactness of the 
maps produced. 
5. Each of the well-fields must have produced at a 
constant rate for the period of time (t) employed to calcu-
late the dimensionless time, TD. 
6. The time required to complete mapping can range from 
less than 3 minutes to wsll ove~ an hour depending on the 
values of TD calculated and the number of well-fields in the 
aquifer. 
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7. The contour interval must be selected so that not 
more than 53 contours will fall on eiTher side of the refer-
ence contour selected. The mapping will occur even if more 
than 53 contours are required, but there will be duplication 
of symbols. 
8. Circular pressure-drop contours appear on the maps 
as ellipses. This distortion is caused by the difference 
between the character spacing horizontally and vertically. 
When mapping with the on-line printer, the even spacing of 
the grid-points can not be reproduced without system changes 
internally. 
6.61.4 Data Required by This Program: 
The following data are required in order for the mapping 
to occur in the proper manner: 
1. One value each of aquifer permeability, aquifer 
thickness, viscosity of the water, aquifer porosity, initial 
aquifer pressure, compressibility of the water, and the 
proper unit conversion constant are required. 
2. The number of grid-points (fixed at 225) and the 
number of well-fields in the aquifer are required. 
3. Two hundred and twenty-five values of the X-coordi-
nates and 225 values of the Y-coordinates of the map-grid 
used i~ the program are required. These values are in 
reference to the (X= 0, Y = 0) location in the upper-most 
left-hand corner of the grid. 
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4. One value of well-field radius, length of time at 
constant producing rate, and the t t d · con~ an pro uclng rate 
for each well-field located in the aquifer are required. 
5. Values for the X andY-coordinates of the well-
field centers for each well-field in the aquifer are required. 
6. Values of the control variable, reference pressure, 
and contour pressure interval for each map desired lS 
required. 
6.61.5 Operation of This Program: 
Once the required aquifer data has been read, the program 
calcula~es the pressure-drop at each of the 225 grid locations 
due to each well-field producing alone with its center at 
the specified point in the aquifer. These pressure-drops 
are then stored. Once the pressure-drop at each grid-point 
has been calculated and stored for each producing field, then 
the several values of pressure-drop at each grid-point are 
superimposed to give the total pressure-drop caused by all 
the fields in the aquifer at that particular grid-point. 
For each of the more than 12,700 pressure-drop values 
required for each map produced, the program determines a 
map symbol (a letter or a character) which depends upon the 
value of the pressure--drop relative to the reference pressure-
drop supplied in the data input. These symbols are then 
printed on the IBM 360/50 on-line printer in the exact 
locations that they occur in the grid-system. Each map 
appears as a two page rectangular section of the aquifer. 
186 
However, this section is actually a square section which has 







































Reservoir thickness (feet). 
Viscosity of water (centipoises). 
Porosity of the reservoir (fraction). 
Initial reservoir pressure (pounds 
per square inch absolute). 
Compressibility of water (volume 
per volume per pounds per square 
inch). 
Unit conversion constant. 
Number of grid-points on the map. 
Number of well-fields 1.n the aquifer. 
Coordinates of the grid-points on 
the map (miles) . 
Well-field radius (miles). 
Length of time at the constant 
producing rate (days). 
Constant producing rate from the 
well-fields (barrels per day). 



























X and Y distances between the well-
field centers and any grid-point 
(miles). 
Radius from a well-field center to 
a grid-point (miles). 
Dimensionless radius, r/rb. 
Area of a well-field (acres). 
Dimensionless time, Kt/~~cA. 
Individual pressure-drop at a point 
in the aquifer (pounds per square 
inch absolute) . 
Total pressure-drop at a point in 
the aquifer (pounds per square 
inch absolute). 
The value of this variable controls 
whether the total or individual 
pressure-drop will be mapped. 
APLOT = 0 for total, APLOT = 1, 2, 
3 •.. for individual. 
Reference pressure-drop contour 
(pounds per square inch absolute). 
Pressure-drop contour interval for 
mapping (pounds per square inch 
absolu-te). 
Either P or PT (pounds per square 
inch absolute). 
Family of pressure-drop values that 
are less than RCON. 
Family of pressure-drop values that 
are greater than RCON. 
Pressure-drop values that are equal 
to RCON. 
All subroutine symbols used in Program No. 3 are the 
same as those described for the subroutines in Pro-
gram No. 2 (See page 157). 
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6.63 User Tns~~..-ru~tl"ons for Pro N ~ 
- ~ gram o . -J -
On-Line ~ing 
6.63.1 Program Input: 
This program is quite complex in operation and therefore 



























Contains the aquifer permea-
bility, thickness, the vis-
cosity of water, aquifer 
porosity, and initial aquifer 
pressure. 
Contains the compressibility 
of water, and the unit con-
verslon constant. 
Contains the number of grid-
points (225) and the number 
of well-fields in the 
aquifer. 
Contains the 225 X-coordi-
nates of the grid-points, 
15 per card going horizon-
tally across the grid start-
ing with the top row, left-
hand corner. 
Same as 4-18 only the Y-
coordinates. At the upper 
left-hand corner (X = O, 
Y = 0). In the lower 
right-hand corner (X = 15, 
y = 15). 
Next N cards contain the 
well-field data, radius 
of the field, producing 



















Contains the N X-coordi-
nates and the N ¥-coordi-
nates of the well-field 
centers. All X values 
come first, then all Y values 
on a single card unless more 
than 7 well-fields are 
located in the aquifer. 
Next N+l cards contain data, 
for mapping each card must 
have one value each for 
APLOT, RCON, and CONI. 
Description of the mapping-routine parameters: 
APLOT = 0 The total pressure-drop resulting 
from the superposition of N well-




= 1,2,3 ... The individual pressure-drops 
resulting from fields 1,2,3 ... 
will be mapped. 
Reference contour value, normally 
RCON = 0 when mapping pressure-drop. 
If pressure itself is being mapped, 
then RCON equals the initial aquifer 
pressure in psi. 
Contour interval selected. Must be 
chosen so that not more than 53 
contours will fall above and below 
the value of RCON. 
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6.63.2 Program Output: 
Program No. 3 prints the value of the total pressure-
drop, resulting from N fields interfering, at each of the 
225 grid-points. It also prints the 225 values of the 
pressure-drop resulting £rom each of the N fields producing 
alone in the aquifer. The pressure-drop values are labeled 
P(---,---) or PT(---), where the first blank contains the 
grid-point number and the second blank is for the field 
number. 
After printing all the pressure-drops calculated at 
the 225 grid-points, the program begins its mapping routine. 
First a map of the total pressure-drop resulting from the N 
well-fields interfering is produced on the IBM 360/50 
on-line printer. This map is followed by maps of the areal 
pressure-drop distribution for each of the N well-fields 
acting alone in the aquifer. 





I Read reservoir or aquifer data. I 
I 
I Read coordinates of the grid-points ·l 
I Read producing well-field data. J 
Calculate the pressure-drop at each grid-point 
caused by each well-field producing by itself 
in the aquifer. 
Superimpose the individual pressure-drops at 
each grid-point to obtain the total interference 
pressure-drop 1n the aquifer. 
Write the individual and the total pressure-drops 
for each grid-ooint. 
' 
Interpolate with the 225 grid-values to obtain 
12,700 values of the pressure.:..drop for mapping. 
Map the individual and the total pressure-drop 
distribution on the IBM 360/50 on-line printer. 
End 
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6. 6 5 Flow Diagram 
Program No . .3 - Mapping By On-L:ine Printer 
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CHAPTER 7 
CONCLUSIONS AND FUTURE INVESTIGATIONS 
7.1 Conclusions 
A method of calculating the dimensionless pressure 
PD(RD,TD) at any RD and TD.value has been developed. The 
197 
method developed employs a numerical evaluation of the expli-
cit Van Everdingen-Hurs~ equation for the dimensionless 
pressure distribution in an infinite radial aquifer subject 
to a constant producing rate from the inner boundary. This 
approach allows accurate values of PD(RD,TD) to be obtained 
ever a RD range from 1 to 64 for TD values from .0005 to 1000. 
A new quantity termed the fractional dimensionless 
pressure, PD', has been created. PD' is used to investigate 
the distance away from the inner boundary at which a given 
fraction of the pressure-drop at the inner boundary is 
expeJ."'ienced. RD values have been obtained for 12 fractional 
dimensionless pressures ranging from .01 to .99. 
A new and more accurate radius of dr&inage equation 
for infinite radial systems subject to constant producing 
rates has also been obtained by a least-squares curve fit 
of 30 RD-1 values. These RD-1 values correspond to various 
TD values at which PD' is .01. The use of this new equation 
avoids the question of selecting the proper radius of 
drainage equation from among the several expressions 
already available in the literature, none of which were 
spec·ifically designed for an infinite radial system. 
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Finally, a technique for mapping pressure distribution 
in an infinite radial aquifer has been developed. This 
technique allows a square section of the aquifer to be 
mapped directly on the IBM 360/50 on-line printer. By the 
use of the program presented, a graphical representation 
of the areal pressure distribution resulting from several 
oil fields producing from a common aquifer can be obtained 
without the time-consuming process of contouring computer 
print-out pressure values. A built-in interpolation proce-
dure also allows the map produced to have a much finer 
detail than what would normally result from contouring the 
print-out pressure values. This added detail is obtained 
with only a slight increase in computer time. 
A study of this nature would be highly impractical 
without the aid of the digital computer. However, with the 
comp1..1.ter, ·the necessary equations can be numerically evalu-
ated in a reasonable length of time. This study serves to 
point out the need to re-evaluate many of the techniques 
available in the petroleum literature which have heretofore 
been bypassed because of their highly complex nature or 
because of the large number of repetitive computations 
necessary to obtain suitable solutions. 
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7.2 Topics for Future Investi~ation 
. 9 
A.) Modification of Program No. 3 -A routine for the 
superposition of the pressure changes re3ulting 
from a series of different constant producing 
rates should be added to Program No. 3. This rou-
tine would then allow oil fields with declining 
production rates over the period of time being 
investigated to be mapped on the on-line printer. 
The routine could make step-wise calculations of 
PD(RD,TD) for each of a series of constant pro-
ducing rates extending over the time steps t 1 , 
t 2 , t 3 , ... tN. The resulting pressure-drop 
would then be added to obtain the areal pressure 
distribution in the aquifer at time tN. 
B.) Constant Terminal Pressure Solution- The constant 
terminal pressure case for an infinite radial 
aquifer should be investigated along the same 
lines as undertaken in this study. The Romberg 
technique should be applied to Van Everdingen-
Hurst's Equation (VI-26) after a transformation 
of limits has been performed similar to that 
discussed in Section 3.4. The PDCRD,TD) results 
obtained could then be compared to those pre-
sented by Jaeger(33). 
The initial work on this problem was under-
taken by the author and the results of the computer 
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program developed suggested that with future work 
suitable PD(RD,TD) values could be obtained. 
This initial work pointed out the need of plotting 
the function being integrated so that the correct 
type of transformation can be selected. ~s a 
result of the techniques used to evaluate the inte-
gral in the explicit constant pressure solution, 
the author believes that the tables of PD(RD,TD) 
given by Jaeger are not as accurate as is commonly 
desired. 
C.) Radius of Drainage Equation- If PDCRD,TD) values 
can be obtained in the manner suggested in Part B, 
then an equation for the effective radius of 
drainage in an infinite radial aquifer can be 
developed for the constant pressure case. Since 
PD is a fractional. dimensionless pressure for the 
constant pressure case, it would not be necessary 
to calculate a PD' as was required in this study. 
The drainage equation obtained when PD = .01 for 
the constant pressure case could then be compared 
to the equation developed in this study for the 
constant rate case. 
D.) Curve Fit of RD-1 Values -The values of RD-1 
given in Table 4-7 could easily be fitted by a 
least squares technique. If a fit-factor is used, 
the equations obtained should be a family of 
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straight lines in the form of the radius of 
drainage equation developed in Section 4.5. Jf. 
PD' values other than those given in Table 4-7 
were obtained from the cross-plots (Figures 4-2 
and 4-3), then sufficient equations for RD-1 could 
be found to allow a simple computer program to be 
developed which would interpolate between these 
equations and would thus reduce the computer time 
required to locate RD for any TD and PD'. 
E.) Mapping Routine- The mapping routine of Program 
No. 3 could be used to map the areal distribution 
of variables other than pressure-drop. The author 
has already used this routine to map the temper-
ature distribution in the converter wall surround-
ing a copper tuyere. Some of the problems well-
suited for the on-line mapping routine would be: 
1. The mapping of aquifer pressure for under-
ground gas storage problems. 
2. The mapping of temperature profiles in under-
ground thermal combustion and steam injection 
projects. 
3. The graphical display of any reservoir para-
meter for which 225 values can be located on 
the 15 by 15 grid of Program No. 3. 
F.) Aquifer Studies -Programs No. 2 and 3 and Figures 
4-1, 4-2, and 4-3 now permit the drawdown occuring 
around producing municipal supply reservoirs to 
be examined provided the aquifer is large relative 
to the well-field itself. It is suggested that 
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various hydrologic problems be investigated using 
the capabilities developed by this study. The 
areal drawdown maps produced could be compared to 
those already on file at the Water Resources 
Division of the United States Geological Survey 
which have been prepared by contouring measured 
drawdowns in selected observation wells. 
G.) Other Computer Models- By using the programs 
presented in this study for calculating PD(l,TD) 
and PD(RD,TD) it should now be possible to expand 
the basic model used in this study to include such 
variations as a dipping formation, aquifer shapes 
other than 6ircular,_various boundary effects, 
areal permeability variations, and varying forma-
tion thickness. 
The techniques required to incorporate these 
modifications into the basic programs now developed 
are available in the petroleum literature in 
many cases. The programs developed in this study 
offer the foundation on which one can build more 
complex computer models to similuate the unsteady-
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PART 1. NOHENCLATURE 
= Surface area of the well-field. 
= Lower limit of integration. 
= Muskat's diffusivity constan~, kif$~. 
= Constant, see Equation (2E-7), page 237. 
= Radius of the inner boundary. 
= Oil formation volume factor. 
= Upper limit of integration. 
= Compressibility of the fluid. 
= Compressibility of the water. 
= Constant, 2.71828. 
=Exponential integral of (-X). 
= Complementary Error Function, defined by Equa-
tion (2E-3), page 236. 
= Porosity of the aquifer. 
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=Variable, defined by Equation (2A-2), paga 233. 
=Variable, defined by Equation (2C-2), page 235. 
= Function integrated by the Trapezoidal Rule, 
defined by Equation (3-16), page 58. 
= Function integrated by the Romberg method, 
defined by Equation (3-20), page 67. 
= Net sand or aquifer thickness. 
= Panel size usedkfor integration in the Romberg 
method, (b-a)/2 . 
= Unit thickness, Carslaw and Jaeger. 
= Thickness of the reservoir. 
ierfc 













= Integral in Equation (2-23). 
= Integral of the Complementary Error Function 
defined by Equation (2E-3), page 236. ' 
= Second integral of the Complementary Error 
Function, defined by Equation (2E-l), page 236. 
= Bessel function, zero order, first kind. 
= Bessel function, first order, first kind. 
Variable ranging from 1 to 10. 
Permeability of the aquifer. 
= Carslaw and Jaeger's thermal conductivity. 
= Permeability of the reservoir. 
= Common logarithim, base 10. 
= Naperian logarithim, base e. 
= Aquifer prism height. 
= Variable ranging from 1 to 9. 
= Number of equal integration panels, (b-a)/h. 
= Meinzer's permeability coefficient, see defini-
tions, page 221· 
= Mortada's pressure-drop. 
= Cumulative pressure-drop, qCt0 > P0 CrD,tD) 
= Nute's dimensionless pressure, 2TIKH (pi - p) 
q~ 
= Mortada's dimensionless pressure, 2TIKH CP2 - Pl) 
q~ 
= Nute's fractional dimensionless pressure, defined 
by Equation (3-10), page 56. 














= Mortada's and Van Everdingen-Hurst's dimension-
less dependent variable, see Equation (2-47), 
page 40 .. 
= Initial reservoir pressure. 
= Initial reservoir pressure. 
= Aquifer pressure at a radius r. 
= Pressure at the well-bore. 
= Nute's dimensionless pressure at the inner 
boundary at a dimensionless time TD. 
= Nute's dimensionless pressure at any radius 
ratio RD at a dimensionless time TD. 
= Dimensionless pressure at the well-bore or 
inner boundary at a dimensionless time tD. 
= Buxton's dimensionless pressure at a radius 
ratio R at a dimensionless time tD. 
= Pressure-drop at a radius r at a time t. 
= Mortada's dimensionless pressu~e at rand t. 
= Edwardson's dimensionless temperature at any r 0 
and any tD. 
= Van Everdingen's dimensionless pressure, shown 
in Table 2-1 and Figure 2-4 and equivalent to 
PD(tD). 
= Aronofsky and Jenkin's dimensionless pressure. 
= Van Everdingen-Hurst's and Mortada's dimension-
less pressure at rD and tD. 
= Van Everdingen-Hurst's dimen~ionl7ss press~re 
at the inner boundary at a d1mens1onless t1me 
tD. 
= Total pressure-drop at a radius r at time t. 






= Pressure at radius r at time t. 
= Pressure at the inner boundary of the aquifer. 
= Final aquifer pressure. 
= Initial aquifer pressure. 
= Initial fluid pressure. 
= Chatas' dimensionless pressure-drop of Table 
2-2. 
= Constant flux, heat units/unit time/unit area. 
= Rate of discharge of a well. 
=Strength of the source (i.e., the amount of heat). 
= Q~lk, withdrawal rate (Muskat). 
=Initial constant production rate (Muskat). 
= Volumetric outflow per unit thickness at rf, 
but measured at the surface, q 0/y 0 (MuskatJ. 
= Constant production rate at time 1. 
= Constant discharge or production rate. 
= Carslaw and Jaeger's rate of flux, Q/T. 
= Muskat's constant production rate. 
= Van Everdingen-Hurst's rate of fluid flow into 












= Nute's dimensionless radius, r/rb. 
= Distance away from the discharge well. 
= Muskat's production ratio, Q1 JQ 0 . 
= Mortada's dimensionless radius, r/rb or r/rw. 
= Radius of the inner boundary of the well-field. 
= Distance between producing well A and observa-
tion well B. 
= Mortada's dimensionless radius, r/rw or r/rb. 
= Aronofsky and Jenkin's effective radius of 
drainage. 
= Constant radius of drainage. 
= Carslaw and Jaeger's radius of the inner boun-
dary. 
= Muskat's radius of the inner boundary. 
= Reservoir radius, Aronofsky and Jenkin. 
= Radius of the well-bore. 
= Coefficient of storage, see Definitions, page 
220. 
= Theis' drawdown at any point r around a well 
or well-field. 
= Same as t 0 , dimensionless time based on any 
radius r. 
2 
= Van Everdingen dimensionless tine, Kt/,~crw · 
= Coefficient of transmissibility, see Defini-
tions, page 220. 
= Nute's dimensionless time, Kt/~~crb 2 . 











= Trapezoidal Rule approximation to the integral 
of FT(X), defined by Equation (3-21), page 74. 
= Romberg combination of k Trapezoidal approxima-
tions to the integral of Equation (3-20), see 
Table 3-1. 
= Theis pumping time or just time itsel.f. 
= Muskat's dimensionless time, at/rf2 
= Mortada's dimensionless time, 4.56 X 10-7 kt 
fll Cw A 
= Mortada's dimensionless time, see Equation 
( 2-3 8) , page 30. 




Time of stabilization, defined by Equation 
( 4 - 8 ) , page 1 0 1 . 
= Variable, X/1 - X. 
= 1.87 r 2S/Tt. 
= Variable of integration. 
= Temperature at radius r at time t. 
= Carslaw and Jaeger's change in tE:mpera·ture at 
point x,y at time t. 
= Surface temperature at a distance r from the 
well-bore. 
= Change in temperature at x,y at time t for a 
continuous source of constant strength. 
= Surface temperature at time t, defined by Eq'Ja-
tion (lD-3), page 231. 
=Well function of (u), given by Equation (2-6) 




















= Constant, depends on the units used, see Table 
2-3, page 31. 
= .Argument, definition varies. 
= VariabJ.e of in·tegration, Trapezoidal Rule, 
given by Equation (3-16), page 58. 
= Theis' dimensionless independent variable, see 
Table 2-7. 
= A nur~er- between 0 and 1.0. 
= A constant, depends on the units used, see 
Table 2-3. 
= x coordinate (horizontal) of location in grid. 
= Level of decline of piezometric surface. 
= Variable of integration. 
= Bessel function, zero order, second kind. 
= Bessel function, first order, second kind. 
= y coordinate (vertical) of location in grid. 
= Variable of integration. 
= Argument, see Section E, page 236. 
= Aronofsky and Jenkin's liquid compressibility. 
= Euler's constant, .5772. 
= Muskat's liquid density. 
= Final liquid density at rf. 
= Muskat's initial liquid density. 
=Density of outflow liquid at the surface (Muskat). 
= Aquifer porosity. 
= Density of fluid at pressure P· 
= Constant, .3275911. 









= Kelvin's coefficient of diffusivity, K/¢J.lc. 
= Muskat's compressibility of the fluid. 
= Aronofsky and Jenkin's dimensionless time. 
= Function equal to A. 




=Variable, defined by Equation (28-2), Page 234. 
=Variable, defined by Equation (2C-2), page 235. 
= Absolute value of the error resulting from the 
use of any polynomial approximation. 
= Partial of a quantity. 
= Infinity. 
= Change in quantity. 
= Integral of. 
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PART 2. DEFINITIONS 
Coefficient of Storage: The volume of water released 
or taken into storage per unit surface area of an aquifer 
per unit change of the component of head normal to that 
surface. Figure 2-1 shows a prism of height, m, which can 
be used to define this coefficient. This prism extends 
vertically from top to bottom of the aquifer and laterally 
so that its cross-sectional area is coextensive with the 
aquifer-surface area over which the head change occurs. The 
volume of water released from storage in this prism, m, for 
any head change ~' divided by the product of the prism's 
cross-sectional area and the change in head, X, results 
in a dimensionless number, S, which 1s the coefficient of 
storage. 
~oefficient of Transmissibility: Theis introduced this 
coefficient, !, which is expressed as the rate of flow of 
water, at the prevailing water temperature, in gallons per 
day, through a vertical strip of aquifer one foot wide 
extending the full saturated height of an aquifer under a 
hydraulic gradient of 100 percent. A hydraulic gradient of 
100 percent means a one-foot drop in the head in one-foot of 
flow distance in the aquifer. The coefficient is shown in 
Figure 2-2. ! is equal to the product of the coefficient of 
permeability, P, and the thickness of the saturated aquifer, 
m. 
221 
-Coefficient of Permeability: This coefficient, P, is 
a measure of a material's capacity to transmit water. As 
expressed by Meinzer, it is the rate of flow of water 1n 
gallons per day through a cross-sectional area of one square 
foot under a hydraulic gradient of one foot per foot at a 




DERIVATION OF EQUATIONS 
PART 1 - Conversion of the heat transfer equations of 
Carslaw and Jaeger(8) to the equivalent pressure dis-
tribution equations for an infinite radial reservoir 
having a finite inner boundary rf and subject to a 
constant producing rate, Q. 
Section A: For the constant rate case where Kt/a2 is of 
medium size (.Ol~TD~SOO), Carslaw and Jaeger give the 
following expression for the temperature at any radius 
rat timet (See Equation 17, page 339): 
(lA-1) 
= :-29 
























= ; f (l-e-X2TD) 
0 
and: r RD :: 
rf 
TD :: Kt 
~lJC!'f 2 
J 1 (X)Y 0 (X,RD)-Y1 (X)J 0 (X,RD) dX 
x2 J 2 <X)+Y 2 <X) 1 1 
then for a unit thickness, h, and a unit time, T, with a 
unit area, 2nrf: 
(lA-7) 
v = P(r,t) and q = Q/T 
(lA-8) 
vK [hT 2nrf] 2nKh 
rfQ BB?JJ = BB?!Jq P(r,t) = PD(RD,TD) 
223 
thus (lA-1) is equivalent to the Van Everdingen-Hurst Equa-
tion (Vl-21) on page 313, where: 
· ( lA-9) 
"" 
PD(RD,'I'D) 
= ; f 0-e -X2TD) 
0 
J 1 (X)Y 0 CX,RD)-Y1 (X)J 0 CX,RD))dx 
x 2 J 2 <x>+Y 2 <x>) 1 1 
Section B: For the consi:ant rate case where Kt/a2<.01 
(TD<. 01) CarslavJ and Jaeger give the following 
approximate expression for Equation (lA-1) (See 
Equation (18), page 339). 
(lB-1) 
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V: 2Q fKat 
K ----r;- [ 
. (r-a ) ( 3r+a) IKt · 2 (-r-a ) 1erfc - l erfc ~ 4ar ~ 2vKt 2vKt + •• ·l 
and: 
(lB-2) 
















[r-r f ] + ••• ) 2/Kt 
<j>).J.C 
3r+rf v1<t 
rf rf <!>llC 





















(3RD+l) $llC .2 f 
4r ~ er c 
(lB-7) 
21TD [ ierfc RD-1 _ f(3RD+l)ffD .2 f ~ er c 
21TD 4 RD 
RD-l]J 
21TD 
Thus since v = P(r,t) by the analogy of temperature in 
heat transfer theory to pressure in fluid flow theory, and 
since (lB-7) was derived for a unit thickness, h, with a 
fluid of viscosity, ~, and with Q as a constant unit flow 
rate per unit time per unit area at r = rf' then: 
(lB-8) 
T = 1 unit time 
h = 1 unit thickness 
2nrf = 1 unit area 
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and furthermore s1nce the surface area · at r=rf 1s equal to 
2nrfh=A, then by Mortada's definition: 
(lB-9) 
PD(RD,TD) 2nKh = 8 8 7q ll p ( r 't) · 
Mortada also gives: 
(lB-10) 
PD(RD,TD) 21TD RD 1 = ierfc -
IRD 21TD 
and since the right hand side of (lB-10) equals the first 




2nKh 887qll P(r,t) = PD(RD,TD) 
and ·thus: 
(lB-12) 
[~~fl 2nKh P(r,t) = PD(RD,TD) 887qll 
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where: q = Q/T and 887 is the conversion factor to Mortada's 
definition of PD(RD,TD). 
So (lB-13) is obtained, which is Mortada's expression 
for TD<.Ol, plus an extra term. 
( lB-13) 
PD(RD,TD) = ~{TD ierfc RD-l - ( 3RD+l)/TD i 2erfc RD-l 
/RD 2/TD 4RD 2/TD 
Section C: For large values of Kt/a2 (TD> 500) Carslaw and 









[ L 4Kt l 










(1C-l) is the expression for a line source emitting 2w&Q units 
of heat per unit time per unit area at r = a per unit thick-
ness, h. 
Mortada(16), Page 224 gives: 
(1C-5) 
PD(RD,TD) 






= 2TIKh P(r,t) = 887qll 
2nl<hv 
887Qll 
v = P(r,t) 





= 2TIKh P(r,t) PD(RD,TD) SB7qll 
and from (1C-3) and (1C-6): 
(lC-7) 
PD(RD,TD) = ~ [Ln 4Kt 2 - yl 
4>~ cr 
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(lC-7) can be seen to be equivalent to Mortada's equation for 
TD>500, Equation (lC-5). 
Equation (lC-5) is also the Lord Kelvin point source 
solution or the Theis exponential integral for large values 
of TD. 
(lC-8) 









The equivalence of Equation (lC-5) and Equation (lC-8) at 
large TD can be shown in the following manner. By approxima-
tion, E. can be given as: 
~ 
(lC-10) 
E • ( -X) = Ln X + • 5 7 7 2 2 + • • • 
]. 






-Ei(- 4TD) - - Ln(RD 2 ) - Ln(4TD)) - .57722 
-Ei(-RD2/4TD) = -Ln(RD2 ) + Ln(4TD) - .57722 
and since: 
then: 





-Ei(-RD2/4TD) = (Ln(R:~) + .80907] 
thus from Equation (lC-8), ~times the left hand side of 
Equation (lC-11) is defined as PD(RD,TD), so: 
(lC-12) 
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(lC-12) is the equation of Van Everdingen and Hurst(l9) (See 
Equation (Vl-15), Page 312, for large values of TD.) Equa-
tion (lC-12) is then equal to the point source solution of 
Mortada, E~uation tlC-5). 
Mortada states that Equation (lC-5) holds if: 
(lC-13) 
4TD 
RD 2 > 2000 or if for RD = 1.0, then TD>SOO 
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Mueller and Witherspoon(24) also showed that less than 
1 9.: • 0 error resulted from using Equation (lC-5) for all RD 
values when TD~SOO. 
Section D: Continuous Source Derivation. 
The effect of a continuous source or sink of constant 
strength is derived from Equation (2-3) as follows: 
(lD-1) 




v(x,y,t) = I [P(t')/4••(t-t'))e-(x2+y2)/4•(t-t') dt' 
0 
Let: ~(t') = A, a constant: 
·then: 
(lD-3) 
v(t) = (A/41TK) 

















PART 2 - Conversion of the equations for pressure distribution 
in an infinite radial aquifer, constant rate case, to 
approximate polynominal expressions suitable for digital 
compu·ter use. 
Section A: Poly~ominal approximation for Bessel function of 
zero order, first kind. ( J 0 (X)) 




J 0 (X) = 1 - 2.249997(X/3) 2 + 1.2656208(X/3) 4 
.3163866(X/3) 6 + .0444479(X/3) 8 






f = .79788456 - .00000077(3/X) - .00552740(3/X) 
0 
.00009512(3/X) 3 + .OG137237(3/X) 4 
6 
.00072805(3/X) 5 + .00014476(3/X) + E 
d l..·s given later in Equation (2B-2). an e0 
2 
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Section B: Pol · 1 · ynom~na approx1mation for Bessel function of 
zero ord~r, second kind . (Y 0 (X)) 
(2B-l) 
O<X<3 
Y0 (X) = (2/n)Ln(X/2) J 0 (X) + .36746691 + .60559366(X/3) 2 
- .74350384(X/3) 4 + .25300117(X/3) 6 - .04261214(X/3) 8 





where: £ 0 is already defined in (2A-2) and e0 is given by 
e0 = X- .78539816 - .04166397(3/X) - .00003954(3/X) 2 
+ .00262573(3/X) 3 - .00054125(3/X) 4 - .00029333(3/X)S 
+ .00013558(3/X) 6 + E 
where: 
Section C: Polynominal approximations for Bessel function of 
first order, first kind. CJ1 (X)) 
(2C-l) 
-3<X<3 
x-l J 1 CX) = ~- .56249985(X/3) 2 + .21093573(X/ 3 ) 4 
- .03954289(X/3) 6 + .00443319(X/3) 8 




where: f 1 = .79788456 + .00000156(3/X) + .Ol659667(3/X) 2 
+ .00017105(3/X)a - .00249511(3/X) 4 
+ .00113653(3/X) 5 - .00020033(3/X} 6 + E 
and: 
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also: e1 = X - 2.35619449 + .12499612(3/X) + .00005650(3/X} 2 
- .00637879(3/X) 3 + .00074348(3/X) 4 + .00079824(3/X}S 
- .000219166(3/X} 6 + E 
with: 
Section D: Polynominal approximation for Bessel function of 
first order, second kind. CY 1 CX)) 
(2D-l) 
O<X<3 
X Y1 CX) = (2/n)X Ln(X/2) J 1 (X) - .6366198 
+ .221209l(X/3) 2 + 2.1682709(X/3) 4 
- 1.3164827(X/3) 6 + .312395l(X/3) 8 
- .0400986(X/3) 10 + .0027873(X/3) 12 + E 





Hhere £ 1 and e 1 are already defined in Equation (2C-2) of 
Section C. 
Section E: Approximations for functions used when TD~.01. 
From the Handbook of Math Functions(38), page 299, 
Section 7.2.5. 
(2E-l) 
i 2erfc(Z) = - ~ ierfc(Z) + ! erfc(Z) 
(2E-2) 
ierfc(Z) = - Z(l-erf(Z)) 
(2E-3) 
ierfc(Z) = - Z erfc( Z) 
and since: 
(2E-4) 




For the purpose of this paper: 
(2E-5) 
then: 








The function erf(Z) can be approximated by the polynominal: 
(2E-7) 
where the error: 
E(Z)<l.5 X 10-7 
and: 








= - 1.453152027 
ar: 
;J = 1.061405429 
thus Equation (2E-2) can be used to approximate ierfc(Z) with 
Equation (2E-7) being used for erf(Z). 
For the second term of Equation (lB-13), the i 2erfc(Z) 
term can be approximated as follows: 
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From (2E-l): 
.2 f CZ) Z . 1 
1 er c = --2 lerfc(Z) + e f (Z) 4 r c 
then, as has been shown, (2E-2) can be used to approximate 
ierfc(Z) and (2E-4) or the erfc(Z) can be taken as: 
erfc(Z) = 1 - erf(Z) 
In the actual computer programs the following subroutines 
are called: 
(2E-8) 
err = ierfc(Z) 
erfx = erf(Z) z RD-1 = --
ec = 1-erf(Z) 21TD 
thus Equation (lB-13) is written as: 
(2E-9) 
_ 21TD ( ) ( 3RD+ 1) lTD [ Z 1 ) PD(RD,TD)- _ err - 4 RD - 2cerr) + 4 Cec) IRD 
where the subroutines are called using the argument Z. 
Section F: Approximations for the functions used when TD>SOO. 
These approximations are used to evaluate Equation 
(lC-8). 
From Handbook of Mathematical Functions(38), page 231, 
Section 5.1.53. 






E. ',X) · 2 3 ~ + Ln(X) = aO+a X+a X +a X +a X4+_ XS+ E(X) 1 2 3 4 as 
1-vhere: IECX)j<2 X 10- 7 
ar,d: ao = - .57721566 
al = .99999193 
a2 = - .24991055 
a3 = .05519968 
a4 = - .00976004 









a1 = 8.5733287401 
a2 = 18.0590169730 
a3 = 8.6347608925 
a4 = .2677737343 
jE(X)j<2 X 10- 8 
b1 = 9.5733223454 
b2 = 25.6329561486 
b3 = 21.0996530827 
b4 = 3.9584969228 
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Equations (2F-1) and (2F-2) are both used in subroutine SUBTA 
to calculate EIMX when X is introduced as the argument, 
where: 
and thus E.(-X) = -(2F-2) 
~ 
as a result Equation (lC-8) becomes: 
(2F-3) 
PD(RD,TD) = ~ (-EIMX) 
PART 3 - Expansion of the SIN and COS functions to accom-
modate very large arguments. 
Section A: Expansion of the COS Function. 
From the C.R.C. Standard Mathematical Tables(39), 
page 379 the following functions of multiple angles are 
given. 
(3A-l) 
COS 3X = 4COS 3X - 3COSX 
SIN 3X = 3SINX - 4SIN 3X 
and since: COS 6X = COS(3X+3X) 
then: 
(3A-3) 
COS(3X+3X) = (4COS 3X - 3COSX (4COS 3X - 3COSX)) -




COS6X = 16COS 6 X - 24COS 4X+9COS 2X - 9SIN2X+24SIN 4X - 16SIN6 X 
and since: SIN2X = 1 - COS 2X 
then: 
(3A-5) 
COSGX = 32COS 6 X - 48COS 4X+18COS 2X - 1 
Cos6x Was developed in (3A-2): thus in the same manner as 
COS12X = COS(6X + 6X) 
and: 
COS12X = COSGX COS6X + SINGX SINGX 
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Then using the expansion for the SINGX developed in Section 
B, page 242, Equation (38-4): 
(3A-6) 
COS12X = ((32COS 6X- 48COS 4X+l8COS 2X- 1) 2 - (32SINX cos 5x-
32SINX COS 3X+6SINX COSX) 2 ) 
thus: 
(3A-7) 
COS12X = 2048COs 12x - 6144COS 10X+6912COS 8X - 3584COS 6X + 
840COS 4X - 72COS 2X + 1 
Equation (3A-7) iq used in the Bessel functions sub-
routines BESJO and BESJl and the large argument of the COS 
is divided by 12 and evaluated by means of Equation (3A-7). 
The value of COS12X lS then used as the value of COSX. 
Section B: Expansion of the SIN Function. 
From the C.R.C. Standard Mathematical Tables, page 379, 
the following functions of multiple angles are given: 
(38-1) 
SIN6X = SIN2(3X) 
SIN6X = 2(SIN3X)(COS3X) 
-'chen from Equation ( 3A-l): 
(3B-2) 
SIN6X = 2(3SINX- 4SIN 3X)(4COS 3X - 3COSX) 
thus: 
( 3B- 3) 
SIN6X = 24SINX cos 3x - 32SIN 3X COS 3X - 18SINX COSX 




SIN6X = 32SINX COS 5X - 32SINX cos 3x + 6SINX COSX 
and thus by the same method that SIN6X was developed: 
and: 
SIN12X = SIN2(6X) 
SIN12X = 2(SIN6X)(COS6X) 
(3B-5) 
SIN12X = 2(32SINX COSX- 32SINX COSX + 6SINX COSX) 
(32COSX - 48COSX + lBCOSX- 1) 
Equation (3B-5) can be simplified to give: 
(3B-6) 
242 
SIN12X = 2048SINX COS 11x - 5120SINX COS 9X + 4608SINX COS 7X -
1792SINX COS 5X + 280SINX COS 3X - 12SINX COSX 
Equation (3B-6) is used in the Bessel function routines 
BESYO and BESYl and the large X argument is divided by 12 and 
evaluated by Equation (3B-6). The value of the SIN12X is 
then used as the value of SINX. 
PART 4 - Developmen-t of the transformation of limits. 
The transformation of the limits of integration from 
zero to infinity into zero to one was performed upon Equa-
tion (lA-9) in the following manner: 
(lA-9) 








x2 J 2 CX)+Y 2 CX) 1 1 
NOTE: This is not the same X as 
that used in (lA-9). 
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where: O< X <1.0, and u is equivalent to the X of (lA-9) 
(4A-2) 
( 4A- 3) 
du = (1-~)di-~C-dit 
Cl-X> 2 
· · (4A-l), (4A-2), and (4A-3) into and then upon substltutlng 
Equation (lA-9): 
(4A-4) 
PD(RD,TD) Jl [ [ -2 l) [ [ ) [ _· ) 2 _ X • TD X y _1L RD -= • 1-e (1-X>2 J1 1-: o 1-X' 
[ - ] [ x ] ] dX 0 y ~ J -, RD _ 2 1 1 x 0 1-x<1-~> 
which can be reduced to: 
(4A-5) 
1 




Equation (4A-5) is the equation actually solved in this study 
by Romberg integration. This equation fills the TD range 
over which Mortada used a finite difference solution to 
calculate PD(RD,TD) for the constant rate case. 
PART 5 - Reduction of Equation (4-6) to an equation similar 
to the Hurst, Haynie, and Walker equation. 
The Hurst, Haynie, Walker equation was developed from 
the graphical solutions of Van Everdingen-Hurst and there-
fore the equation for the effective radius of drainage 
developed in this study should be approximately equal to the 
Hurst, Haynie, and Walker equation if the equation developed 
ln this study is reduced to a point-source solution. 
(4-6) 
RD = 1 + 2.915 (TD)"4821 
r 
= 1 + 2.915 (TD).4821 
rb 
r = rb (1+2.915(TD)" 4821 > 
(SA-l) 




r = r 1+2.915(.087)( 2) . [ Kt . 4 821] 
b <fl]JCrb 
(SA-4) 
r = r 1+.2535( 2) [ Kt . 4 821] b ¢'1Jcrb 
(1).4821 = .2535 
X 
X =. 16.68 
(SA-5) 
r = pb [ 1 + ( K ~ ) . 4 8 21] 
<P~crb 16.68 
(SA-6) 
- 1 = [ Kt ]· 48 21 16.68<j>~crb 2 
(SA-7) 










16.68<j>}lC in field units 
Converting (SA-8) to C.G.S. units results in: 
(SA-9) 
r = 2. 76IKt 
4> jJ c 
The stabilization time can be expressed by 
(SA-10) 
2 t _ 16.68pJJCr 
s - K 
or in C.G.S. units as: 
in field units 
247 
(5A-ll) 
Equations (5A-9) and (5A-ll) can be compared with the 
Hurst, Haynie, and Walker equations by referring to Table 
2-8. 
APPENDIX C 
COMPLETE COMPUTER RESULTS FOR 
PD(RD,TD) 
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